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Abstract: In this paper, we study the concept of associative n-conformal algebra over a 
field of characteristic and establish Composition-Diamond lemma for a free associative 
n-conformal algebra. As an application, we construct Grobner-Shirshov bases for Lie 
n-conformal algebras presented by generators and defining relations. 
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1 Introduction 

Grobner and Grobner-Shirshov bases theories were invented independently by A.I. Shir- 
shov [60J for Lie algebras and H. Hironaka [32J and B. Buchberger [213 EZ] for associative- 
commutative algebras. 
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Shirshov's paper [UU] based on his papers [5H] (Grobner-Shirshov bases theory for (anti) 
commutative algebras, the reduction algorithm for (anti-) commutative algebras) and [57] 
(Lyndon-Shirshov words (these words were defined some earlier [IB], but incidentally 
that was unknown for 25 years in Russia and these words were called Shirshov's regular 
words, see, for example, [21 EH HI [HI EH HH], see also [2H]), Lyndon-Shirshov basis of 
a free Lie algebra (see also [2"g]). The latter Shirshov's papers [S7J EH] were based on 
his Thesis [54] . A.G. Kurosh (adv), published in three papers [55] (on free Lie algebras: 
i^rf-Lemma (Lazard-Shirshov elimination process), the subalgebra theorem (Shirshov- 
Witt theorem)), [56] (on free (anti-) commutative algebras: linear bases, the subalgebra 
theorems), [5B] (on free Lie algebras: a series of bases with well-ordering of basic Lie 
words such that [w] = [[u][v]] > [v], see also [62J; the series is called now Hall sets [5U] 
or Hall-Shirshov bases). Shirshov's Thesis, in turn, was in line with a Kurosh's paper 
[4"T] (on free non- associative algebras: the subalgebra theorem). Also Shirshov's paper 
[59] was in a sense of a continuation of a paper by A.I. Zhukov [63], a student of Kurosh 
(on free non-commutative algebras: decidability of the word problem for non-associative 
algebras). The difference with the Zhukov's approach was that Zhukov did not use any 
linear ordering of non-associative words, but just the partial deg-ordering to compere two 
words by the degree (length). 

It would be not a big exaggeration to say that Shirshov's paper [UU] was between line of 
the Kurosh's program of study free algebras of different classes of non-associative algebras. 

Shirshov's paper |60j contained implicitly the Grobner-Shirshov bases theory for asso- 
ciative algebras too because he constantly used that any Lie polynomial is at the same 
time a non-commutative polynomial. For example, the maximal term of a Lie polyno- 
mial is defined as its maximal word as a non-commutative polynomial, definition of a 
Lie composition (Lie S-polynomial) of two Lie polynomials begins with the definition of 
their composition as non-commutative polynomials and follows by putting some special 
Lie brackets on it, and so on. The main Composition (-Diamond) Lemma for associa- 
tive polynomials is actually proved in the paper and we need only to "forget" about Lie 
brackets in the proof of this lemma for Lie polynomials ([UU] Lemma 3). Explicitly Com- 
position (-Diamond) Lemma was formulated much later in papers L.A. Bokut [12] and G. 
Bergman [B]. 

We formulate Shirshov's Composition-Diamond Lemma for associative algebras fol- 
lowing his paper [60] with the only change of "Lie polynomials" to "non-commutative 
polynomials". Let k{X) be a free associative algebra over a field fcona set X such that 
the free monoid X* is well-ordered. For a polynomial /, by /, Shirshov [60J denotes 
the maximal word of /. Let /, g are two monic polynomials (may be equal), w G X* 
such that w = acb, f = ac, g = cd, where a, b, c are words and c is not empty. Then 
(/, 9)w = fb — ag is called an (associative) composition of /, g (it is the original Shirshov's 
notation, now we use (f,g) w ), clearly fb — ag < w. For Lie polynomials /, g, Shirshov 
puts some special brackets [fb] — [ag] such that [fb] — [ag] < w too. Let 5* be a reduced 
set in k(X) and S* is a reduced set that is obtained from S by (transfinite) induction 
applying the following elementary operation: to join to 5* a composition of two elements 
of S and to apply the reduction algorithm to the result set (until one will get a reduced 
set with only trivial compositions, after the reduction). By nowadays terminology, S* is 
a Grobner-Shirshov basis of the ideal generated by S, and that process of adding com- 
positions is the Shirshov's algorithm. He calls S a stable set if, at each step, the degree 
of the composition (f,g) w , after the reduction, is bigger than degrees of f,g (or (f,g) w 
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is zero after the reduction). Of course, if S is a finite (or recursive) stable set, then S* 
is a recursive set, and from the next lemma the word problem is solvable in the algebra 
with defining relations S. Now suppose that S is a Grobner-Shirshov basis in the sense 
that S is a reduced set and any composition of elements of S is trivial after the reduction 
(S is closed under compositions). The S* is fulfilled this condition (simply because any 
composition, after the reduction, is in S*). Hence S is a stable set in the sense of Shirshov. 
Then Lemma 3 in [60J has the following form. 

Shirshov's Composition-Diamond Lemma for associative algebras. Let S C 

k(X) is a Grobner-Shirshov basis of the ideal Id(S). Let / G Id(S). Then / = ash for 
some s G S,a,b G X* (hence S'-irreducible words Irr(S), that does not contain subwords 
which are maximal words of polynomials from S, is a fc-basis of the algebra k(X\S) with 
defining relations S). 

It is easy to see that converse is also true. 

Last years there were quite a few results on Grobner-Shirshov bases for semi-simple Lie 
(super) algebras, irreducible modules, Kac-Moody algebras, Coxeter groups, braid groups, 
quantum groups, conformal algebras, free inverse semigroups, Kurosh's f2-algebras, Lo- 
day's dialgebras, Leibniz algebras, Rota-Baxter algebras, Vinberg-Milnor's right-symmetric 
algebras, and so on, see, for example, papers P, EH H31 E01 EJJ, EH [3H [351 ES E7] , surveys 
[El El [US E21 [23] . Actually, conformal algebras, dialgebras, Rota-Baxter algebras are ex- 
amples of fi-algebras. For non-associative f2-algebras, Composition-Diamond Lemma was 
proved in [30] ■ The case of associative fi-algebras (associative algebras with any set Q of 
multi-linear operations) was treated in [TO] with an application to free (A-) Rota-Baxter 
algebras (the latter is associative algebras with linear operation P(x) and the identity 
P(x)P(y) = P(P(x)y) + P(xP(y)) + XP(xy), where A is a fix element of a ground field, 
see, for example, [31]). Composition-Diamond Lemma for dialgebras [15] has an appli- 
cation to the PBW theorem for universal enveloping dialgebras of Leibniz algebras (see 

&)■ 

This paper is a continuation of the paper [18J on Grobner-Shirshov bases for conformal 
algebras. V. Kac [33] defined conformal algebras under the influence of Vertex algebras 
(Belavin-Polyakov-Zamolodchikov |7J, Borcherds [23]) and the Operator Product Expan- 
sion in mathematical physics. Structure theory of associative and Lie conformal algebras 
were studied in|5l[3SllSlSnillIlll2lS3lllllll5ll35!. M. Roitman (5TJ E21 [53] instigated 
free associative and Lie conformal algebras. In particular, he found a linear basis of a free 
associative conformal algebra and proved that an analog of PBW theorem is not valid for 
Lie conformal algebras. 

Composition-Diamond Lemma for associative conformal algebras [18j has some dif- 
ference from that lemma for associative and Lie algebras (as well as from Buchberger 
Theorem for commutative algebras). First of all, there are compositions of left and right 
multiplications, just opposite to the classical cases. Secondly, the condition on a set of 
relations S, that S is closed under compositions, is not equivalent to the condition that 
Irr(S) is a basis of the algebra with defining relations S. Later on, it became clear 
that the same situation with both conditions is valid for dialgebras and right-symmetric 
algebras, as well as for n-conformal algebras. 

The class of n-conformal algebras is a particular example of the class of (H-) pseudo- 
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algebras in the sense of Bakalov-D'Andrea-Kac [5] and Beilinson-Drinfeld [B] for the case 
the Hopf algebra H is a polynomial algebra on n variables. 

In this paper, we state Composition-Diamond Lemma for associative n-conformal al- 
gebras. A proof follows from the proof of Composition-Diamond Lemma for associative 
conformal algebras in [18] almost word by word. 



Definition 1.1 Let k be a field with characteristic and C a vector space over k. Let Z + 
be the non-negative integer number, Z the integer ring and n a positive integer number. 
We associate to each (mi, • • • , m n ) G Z? a bilinear product on C , denoted by (m) where 
m = (mi, • • • , m n ) G Z?. Let Di : C — > C be linear mappings such that DiDj = 
DjDi, 1 ^ i,j ^ n. Then C is an n-conformal algebra with derivations D = {Di, . . . , D n } 
if the following axioms are satisfied: 

(i) If a,b G C, then there is an N(a,b) G Z™ such that a(m)b = if m -/{ N(a,b), 
where for any m = (mi, • • • , m n ), I = (h, ■ • • , l n ) G Z™ 7 

m = (mi, • • • , m n ) -< I = (h, • • • ,l n ) m < k, i = l,...,n 
and there exists i^, 1 < «o < n such that m io < l io . 

N : CxC-> Z™ called the locality function. 

(ii) For any a,b G C, m G Z? ; Di(a(m)b) = Dia(m)b + a(m)Dib, i = l,...,n. 

(Hi) For any a, b G C, m G Z™, Dia(m)b = —mia(m — et)6, 2 = l,...,n, where 

^ = (o 1 _^o,i,o,---,o). 

i-1 

For m, if G Z™, put (-1) 1 * = an d (|) = (™ x ) • ■ ■ f£). 



An n-conformal algebra C is associative if in addition the associativity condition holds. 

7/1 



Associativity Condition: For any a,b,c G C and m, m! G Z? 



)b)(m')c= Yl {-l) r ( r ^a(rn-~8)(b(m f + ~8)c), 



[a(m i 

or equivalently a rzg/it analogy 

a(rn)(b(m')c) = (— l)" 5 " ( _> J (a(m — ~s)b){m' + ~~s)c. 

Let C(S, A, Di, ■ • • , D„) be an associative n-conformal algebra generated by B with 
the locality function N : B x B —> Z™. Then C(S, iV, D x , • • • , £> n ) is called the free 

associative n-conformal algebra with the data (S, N ,Di, - ■ ■ , Z} n ) if for any associative 
n-conformal algebra C" with derivations D = {Di, . . . ,D n } and any map e : B — > C 
such that e(a)(m)e(b) = if m -A N(a,b), there exists a unique homomorphism / : 
C(B, N, Di, • ■ • , D n ) — > C" such that /(6) = e(6) for all b E B. 
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2 Free associative n-conformal algebra 

Definition 2.1 Let B be a non-empty set and D = {D\, . . . ,D n }. Denote by D U (B) = 
{-Di 1 • • • D l ™b | b G B,i±, ■ ■ ■ ,i n G Z + }. Then, we define the lengths of words (non- 
associative) on D U1 {B) inductively: 

(i) any D] 1 ■ ■ ■ D^b, b G B, ii, ■ ■ ■ ,i n G Z + is a word of length 1, 

(ii) if (u) and (t>) are two words of lengths k and I respectively, then ((u)(m)(v)) is a 
word of length k + I. 

For any word u on D U (B), we denote its length by \u\. 

A word u is right normed if it has the form 

[ u ] = Il (i5|( 1 ))(i 2 (g( 2 ))...(i t (^) %1 )...) (1) 

where x { G D"(B), eZ|,l<!^Hl,Ui^t 

We fix a locality function N : B x B — ► Z\. 
Definition 2.2 A right normed word [u] of the form (QJ) is called a normal word if 
xj G B, m (j) -< N( aj , a j+1 ) for j = 1, . . . , t, and x t+1 = ■ ■ ■ D%b G D W {B). 
If this is the case, then we denote the index of [u] by ind(u) = • • • ,i n ). 

Here and after, [u] would mean the right normed bracketing 

[xi(m^)x2(m^) ■ ■ ■ x t (m®)x t+ i] 
= xi(m^) (x2(m^) ■ ■ ■ (xt(rn^)x t +i) • • • ). 

In the following Lemmas 12.31 and I2.4[ we assume that C\ is an associative n-conformal 
algebra generated by all non- associative words on D^{B\ 

We denote by iu) a nonassociative word on u, i.e., (u) is some bracketing of u. 

Lemma 2.3 Any word (u) on D^(B) is a linear combination of right normed words of 
the same length \u\. 

Proof. We use induction on \u\. The result holds trivially for \u\ = 1. Let \u\ > 1. We 
assume that 

(u) = [v){m>)[w) (2) 

where [v] and [w] are right normed words. If \v\ — 1, then §2§ is right normed, and we are 
done. Hence, let |i>| > 1. Then 

[v] = x(m')[vi], for some x G D U (B), 

and so 

(H("t)M) = {x(m')[vi})(m)[w] = (— l) s ( )x(m' — ~~s)([vi\(m + ~~s)[w}). 
Now, the result follows the induction. □ 
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Lemma 2.4 Any word (u) on D W (B) is a linear combination of normal words of the 
same length \u\. 

Proof. Due to Lemma [2.31 we may assume that (it) is right normed, i.e., (u) = [u]. We 
proceed by induction on |it|. If \u\ — 2, then 

[it] = Dl 1 ■ ■ ■ D^a^mjUf ■ ■ ■ D%a 2 =«!••■ a^m - ~T)D{ 1 ■ ■ ■ D%a 2 

where a s = (— l)* s [m s ] is , [m s ] ls = m s (m s — 1) ■ ■ • (m s — i s + ^ s ^ n and the right 
side is zero if m t — it < for some t. Thus, in this case, it suffices to deal with a word 

[u] = a 1 (m)D{ 1 ■ ■ ■ D J n n a 2 , a 1 , a 2 E B, j u ■ ■ ■ , j n E Z + , m E Z™ (3) 

If m -< N = N(ai,a 2 ), then ([3]) is normal, and we are done. We assume that N{a\,a 2 ) = 
(7i, • • • , /„) and m t ^ U for some t. If j t = 0, then 

[u] = a l {^)D^.-.D^D^.-.Dl:a 2 

pi,— ,p t -i,pt+i,— ,p n &Z+ ' \Pn 

= 

where = ■ • ■ {jt-if^Ut+i}^ 1 • • ■ [jn) Pn • 
If j t > 0, then 

= [u] + ^( 7pfll (Tit - p^)Dr P D{^ ■ ■ ■ D^D^ ■ ■ ■ D> 2 ) 

p>0 



\u\ 



where 7 P = (— l) p [mt} p {^^) . By induction on j t we conclude the case for 

Now, let | it | ^ 3 and suppose [u] has the form (pQ). Using axioms of associative n- 
conformal algebra and induction, we may assume that 

[u] = a 1 (m)[u 1 ] 

where [ui] = a 2 (m')[u 2 ] is a normal word of length \u\ — 1. 

Now, if m < N = N(ai,a 2 ), then [u] is already normal. Otherwise 

[u] = a 1 (m)(a 2 (m')[u 2 \) = - ^ (-1) s ( _> j ai(m - ~s)(a 2 (m' + ~~s)[u 2 ]). 



~teZ"\o 



\ s J 



By induction on m, we can conclude that each summand in right hand side above is 
normal. □ 

Remark. The proof of the Lemma 12.41 provides an algorithm for presenting any given 
word (u) as a linear combination of normal words. Here is the algorithm: 

(V) If \u\ = 1, then (u) is normal. 
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(ii) If \u\ = 2, then u = a(m)D^ ■ ■ ■ D l ™b for some a, b G B, m G and ii, • • • , i n G 

Z + . If zx = • • • = i n = 0, u is normal if to -< N(a,b), or zero if m / N(a,b). 
Otherwise assume that z t > 0, 1 ^ £ ^ n. Then 

= D t (a(rn)D^ • • • • • • fo ) + m t a(m - e^D^ ■ ■ ■ D?' 1 ■ ■ ■ D%b. 

Now use induction to rewrite both terms as a linear combination of normal words. 

(iii) Suppose \u\ ^ 3. Then by using the arguments from the proof of Lemma [2.3[ one 
can present (u) in the form 

(u) = a 1 (m}(a 2 (m'}(v)) 

where a\,o 2 G B and to, to' G Z™. If to ^ N(ai,a 2 ), apply induction to rewrite 
a2(m')(v) as a linear combination of normal words of length \u\ — 1, and then multi- 
ply each term from the left side by ai(m) to obtain the desired linear combinations. 

If to 7^ N (0,1,0,2), then 

(ai(m)a 2 )(m')(v) = 

and so 



a 1 (m)(a 2 {m')(v)) = - (-l) s ( _> j a x (m - ~~s)(a 2 {m' + ~s)(v)). 



Now, for s G Z™\0, m — s -< to and the induction hypothesis applies to each 
term ai(m — s ) (a 2 (ra' + s )(v)) to obtain linear combination of words of the form 

ai( I )(o2( I ')(v)) with I -< N(ai,a,2)- Another treatment of these words finishes 
the algorithm. 

Let C be a fc-linear space spanned by normal words (as a basis). For normal words 
[u] and [v] and any to G Z?, the multiplication [tt](m)[u] is defined using the algorithm. 
Also, define Di[u] by Leibniz rule and the rule 

Dia(m)\u] = —mia(m — ei)[u), for a G B, 1 ^ i ^ n. 

Theorem 2.5 C = C(B, N ,D\, ■ ■ ■ , D n ) is a free associative n-conformal algebra with 
the data (B, TV, D x , ■ ■ ■ ,D n ). 

Proof. It is sufficient to check the axioms for associative n-conformal algebras. 

(i) (Locality): [w](m)[t>] = if m -/( N(u,v). To see this, we use induction on \u\. 

Assume first that \u\ = 1 and u = a G B. Now, we want to use a second induction on \v\. 
If [v] = b E B, then N(u,v) = N(a,b) by the definition, and so [w](m)[t>] = a(m)b = if 
to -f< N(u, v). If [v] = Dl 1 ■ ■ ■ D % ™b where it > for some t, 1 ^ t ^ n, then by Remark, 
we have 

a(m)D^ ■ ■ ■ D%b = D t (a(m)D^ ■ ■ ■ D^ 1 ■ ■ ■ D%b) + m t a(m - et)D^ ■ • ■ D^ 1 ■ ■ ■ D%b. 
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Now, put N(a, D[ L ■ ■ ■ Dfrb) = N(a, ■ ■ ■ D^ 1 ■ ■ ■ Dfrb) + ~e t - Then 

a(m)Di 1 • • • D%b = 0, for m ^ N(a, D\ l ■ ■ ■ D^b). 

Let \v | > 1, and v = b(m')[vx]. Take 

N(a, v) = N(a, b) + N(b, v x ) - to'. 

Then for m -/( N(a,v), clearly m -/< N(a,b). Therefore, we have (by the multiplication 
algorithm) 

a(m)b(m')[vi] = a-gia(m — l? l )(b(m' + if 1 ) [v i]). 

~s 1 ez^\o 

where m' + if 1 -< N(b,v\). This means that 

~s 1 -< N(b, Vi) - m' and m - ~s 1 -£ N(a, b). 
Hence by the multiplication algorithm again we have 

a-gia^2a(m — ~~s x — ~~s 2 )(b(m' + ~s 1 + ~~s 2 )[vi]) 

where 

m' + ~s l + ~s 2 ~< N(b, vi) and to - I? 1 -if 2 -£ N(a,b). 

Repeating the above argument k = Y^i=i ^ — m 'i thnes where N(b,Vi) = (ii, , • • • , t n ), we 
arrive at 

a(TO)6(m')[wi] = ^ a^i ■ • • a^a(m - Y l k i=1 ~s l ){b{rn' + Y l k i=l ~s" L )\vi}) . 

In this case, to' + £^ =1 1? J 7^ iV(6, f 1) and so the last expression is zero. By induction, we 

have [w](to)[u] = if m -fc N(u, v). 

Next, we continue our argument on the assumption that \u\ > 1. Thus, [u] = a(m')[ui] 
for a G B. Then 

(a(rn')[ui})(m)[v] = a(m')([ui](m)[v}) + a-*a(m' — l?)([ui] (m + !?)[v]). 

-s£Z™\0 

Set N(u,v) = N(ui,v). Then [u](m)[u] = if rn -ft N(u, v) and the locality holds, 
(ii) The identity 

D i([u]{m)[v}) = Di[u){m)[v\ + [u](m>AM, 1 < i < n. (4) 

Assume first \u\ = \v\ = 1. Then [u] = a G B and [v] = D 1 ^ ■ ■ • D l ^b, z'i, • • • ,i n G 
Z + , b E B. The case when m -< N(a,b) holds is true from the definition. So suppose 
that m -fi N . If z'i = • • • = i n = 0, then the left hand side of (jlj) is zero while the right 
hand side of (jlj) is 

—mia(m — )6 + a(m)Dib 
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and 

a(m)Dib = Di(a(m)b) + mja(m — Ci)b {by Remark) 
= mia(m — )b 

Hence @ is true. So let i^, ■ ■ ■ ,ii k > 0, ii k — ■ ■ ■ — i\ n — 0, 1 < k ^ n. We prove that if 
m -fi N(a, b) then 

Di(a(m) D j ■ ■ • L>Jfc) = -m,a(m - e?)Z>j ■ ■ • £> j& + a(m) ■ ■ ■ D]H (5) 

Suppose s u ■ ■ ■ , s k e Z + . Let a = = ft) • • • ( j) , /?' = ft) • • • ftf) • • • (%) , 

7 = [m!] Sl • • • [mfc] Sfe where [j7ij] Sj ' = mj{mj — 1) • • • (rrij — Sj + 1), 1 ^ j ^ /c. Expanding 
the left hand side of we have 

DMrt)D%...D%b 
= D t (D^...D^(a(^)b)- mi---Dt:a{^)Dl^...D^- Sk b)) 

{si,- ,s k )€Z\\0 

= - A( Y, «7/?(a(m - ^U s pK)dT S1 ■ ■ ■ D\ i r k *)) = ^ 
(s lr - ,s k )ez*\o 

If i = It 6 {h, ■ ■ • , Ik}, by induction on (z 1; • • • , i n ), 

A = ^mM^-K=i s P%)^ Sl --- D i' Skb )) ( 6 ) 

( Sl ,-,s k )ezl\o 

- Yl a ^ a( ^ - K=xS P K)Dr Sl ■ ■ • • -D%- Sk b) (7) 

(si,-A)ez*\o 

If z G {4+1, • • • ,l n }, by induction on (z 1; • • • ,i n ), 

A = a 7 PmM^-K=i s pK-^D^ Sl ---Dl^ Sk b)) (8) 

(si,-,s k )ezl\o 

- Yl «7^«(™-s; =l¥ i;)z)4; rS1 ---A'r^) (9) 

(si,-, Sfe )ez*\o 

On the other hand, the right hand side of ([5]) can be rewritten as 

- mi a{m - e!)D% ■ ■ ■ D^b + a(m)D l D s l ^ ■ ■ ■ D^b = B. 
If i = l t e {h, ■ ■ ■ ,l k }, then 

B = - mi a(m - e!)D% ■ ■ ■ D^b + D£ ■ ■ ■ D^ t+1 ■ ■ ■ D j {a(m)b) 

- W • • • D^a^D^ ■ ■ ■ ■ ■ ■ D%- Sk b)) 

(si,-, Sfe )ez|\o 
= — mia(m — ~e~i)D^ ■ ■ ■ D^b 

- Yl «7/w* - ^U s vK)D\ l r 81 ■ ■ ■ ^ t+1 ~ st ■ ■ ■ D l k ~ Skh ) 

(s 1 ,-, Sfc )62*\0 
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From (P) and ((7j), we see that 

1) rriij a(m—~e}) D\ 1 ^ ■ ■ ■ D^ k b = —m i a(m—'ei)D % ^ ■ ■ ■ D % ^b+m i (j+l)a(jn—~el)D l l 1 ^ ■ ■ ■ D^ k b] 

2) for Sl > 1, 

= (-l)"[m i ]" +1 + ^ - X^iJ - 1?)D i[^ si ■ ■ ■ Dl^b. 

It is easy to check that A = B. 
If i e {k+i, ■ ■ ■ ,l n }, then 

B = - mi a(m - ~ei)D\^ ■ ■ ■ D]H + D^ 1 ■ ■ ■ D*£ Di(a(m)b) 

E ^Q) W • • ■ ^A«(m)D^ Sl ■ ■ ■ D j^A^) 
( Sl ,-, Sfc , Sl )ez^ +1 \o 

= — mia(m — e^)/}^ 1 • • • -D^fc — D i a{m)D 7 ' l l i 1 ■ ■ ■ D^b 
( Sl ,-,s k )ezl\o 

- Yl p(°h ■ ■ ■ K a ^) D if S1 ■ ■ ■ K^Dtb) 

Yl a^f3mi(a(m -YJ t p=l s p e? p -~e i )D]^ 81 ■ ■ ■ 

(s 1) -,s fc )e^\o 

- £ a 7 /3(a(^ - £j =1 vO A^ 1 "* 1 ■ ■ ■ £>j~^)- 
(si,-,« fc )e^\o 

From (ED and © it follows that A = B. 
This completes the case of |w| = |u| = 1. 

We proceed by induction on |«| + \v\ — I and assume that / ^ 3. Suppose that \u\ = 1. 
Then |i>| ^2, and so [v] = b(m')[vi] for some V\. Thus we have to establish namely, 

A(a(m)(6(m')K])) = Aa(m)(6(m')bi]) + a(m)A0(m'>M), 1 < i < n. (10) 

If m -< N(a,b), (Tl0|) follows immediately from the definition of derivation of normal 
words. Assume that m 7^ N(a,b). By the definition of multiplication, we have 



a(m)(b(m')[vi]) = (a(m)b)(m')[vi] - ^ (-1)^ ( -»• - ~~s)(b(m' + ~s)[vi\). 

~? ez™\o V s / 

Using induction on m, the left hand side of ( flOj) becomes 



10 



Now, using the multiplicity algorithm and induction on \v\, the above becomes 



Aq = ^2 l^)(m i -s i )a(m-^-^)(b(m' + ^)[v 1 ]) 

~sezi\o ^ ' 

+ {-l)^(jZ\rn[ + Si)a(m-^)(b(m' + ~s- e?)H) 

~?gz™\o ^ ' 

- E (-if(!)«(™-")(^'+")AN). 

The right hand side of (TTU1) is expended to 

S = Aa(m)(!)(m')K]) + a(r7i>A(i(m')K]) 

= —mia(m — e^) (6(777/) [vi]) — m'^m) {b{m! — ej)[t>i]) + a(m)(6(m')Dj[vi]) 
= — rriia(m — e{) (b(m') [vi]) 



+ ^ (-l)^fl!l)mX"& - ~f)(b(m' + - it)N) 
]T (-1)* (Z) a(TH - t)(b(^' + ~s)Di[vi]). 



seZ|\o 

It is now straightforward to check that A and B are coincide. 
Hence @ holds when \u\ = 1. 

Next, assume |w| > 1. Thus [w] = a(m')[ui], m' G Z™, m' -< N(a, b), b is the first letter 
of [ui\. We shall make use of the property 

Di[u}(m)[v] = -mi[u](m - et)[v] 

which will be shown in (TTTT) . 

First of all, let's figure out all summands in Suppose s 1; • • • ,s n G Z + . Let /3 = 
(Ti 1 ) ' ' ' (s'+i) ' ' ' (T")- Using the multiplicity algorithm with induction on \u\ and \u\ + 
we have 



v\ 



s 



A((a(m')[«i])(m)H) = A( £ (-1)* ( ™' )a(^'-^)(H(^+^)H)) = ^1+^2+^3 



where 

Ai = - ^ (-1) s ( _> ) (m- - Si)a(m' - ~s - et)([«i](m + "s)M), 



A 2 = - ^ (-1)^^ j(m i + s i )a(r7t'-l f )([wi](m + l > - et)[7j]), 
A, = ^(-lffc\(rt'-t)(H(^ + t)AH). 
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On the other hand, 



AM(m)H = -mi[u\(m - et)[v] 

= -mi(a(m')[ui]){m - et)[v] 



= -mi ^2 (-1)^(^>) a(m' -~s)([ui](m + ~s -et)[v}) 
[u]{m)Di[v\ = (a(m')lui])(m)Di[v} 



and 



s 

Tez% 
h 

Now, A3 = B 2 . Subtracting B\ from A 2 , we get 

C = A 2 - B x = - (-!)^ K) S A™' ~ ~?)(H(m + t - et)[v]) 

~?GZ™ ^ ' 

Finally, we note that C + A x = since (s< + l)( g ^! 1 ) = (m- - Si)(™<). 
(hi) The identity 

= -mi[u](m - et)[v] (11) 

To show this identity, we use induction on \u\. If \u\ = 1, then u = ■ ■ ■ D^a, and 
the result follows from the definition. So let \u\ > 1, and write [u] = a(m')[u x ]. Suppose 
Sl , ■ • ■ , s n E Z + . Let = (S) . . . (K-i) . . . (<) , p = (K) . . . ( . . . . 

Using the multiplicity algorithm with induction on \u\, the left hand side of ( TTTI) is 
equal to 

(Aa(m')[«i])(m)H + {a{m')Di[ui}){m)[v\ 
= -m.(a(m' - ~et)[ui})(m)[v] + (a(m')Di[u x }){m)[v} 

= (-l)^(-^a(^' -~s- ~ei)([u x ]{m + "?)[*;]) 



a(m' — ^ > )(D i [Mi](m + s )[u])) 



m 
s 

= A x + A 2 



where 



A i = ~ m 'i Yl (~ l )^P a (rn' ~ ~s ~ et){[ui]{m + ~s)[v]), 
~^ez™ 

A 2 = - (-^y( 1 Z){rn i + s l )a(m'~ ~s){[ui](m + ~s - ~£)[v]). 



s£Z™ 
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The right hand side of ffTTj) is equal to 
B = -mi(a(m')[ui])(m-et)[v] = -rrii ^ (-1) s ( "1> )a(m'-lf)([ux}(m+l?-ei)[v}). 



Now, A\ + A 2 = B. Indeed, subtracting B from A2, we get 



C = A 2 -B = - 

~s&Z 



J2 (^\sia(m' - ~t)([ui]{rn + ~s - et)[v]) 

fez™ ^ ' 



s GZ" 



and A a + C = as + 1) (^J = . 

(iv) (Associativity condition): We have to show that 



*ez; 



({u](m){v])(m')[w}= i-^i Z)[u](m-~s){[v](m' + ~s)[w]) (12) 



Suppose Sl , ...,s n E Z + . Let /3 = (-) ■ • ■ p*" 1 ) • ■ • = (-) ■ • • ( - J • ■ • (-). 

We consider first some special cases. 

Case 1. u — a and |t>| = 1. Then v = D 1 ^ ■ ■ ■ D^b. When %\ — ■ ■ ■ — i n — and 
m -< N(a,b), (I12p follows from the definition. When «! = ••• = i n = and m 7^ N(a,b), 
the left hand side of (1121) is equal to 0, while the right hand side of (fl2l) contains the 
summand 



a(rn)(b(m')[w\) = (a(m}b)(m'}[w] - ^ -> ) [iA(m ~ ~s*}([v}(m' + 1*)H). 

^ez™\o 



Hence the right hand side of (fl2l) is by induction on m. 

Suppose now that it > for some t, 1 ^ t ^ n. Then by multiplicity algorithm and 
induction on (ii, - • ■ , i n ), the left hand side of ( |T2l is equal to 

(a(m) J Di 1 ..•£>£ b) (m')[w] 
= D t {a{m)D^ ■ --Df' 1 ■ ■■D%b)(rn')[w]+m t (a(m - e^ 1 • • ■ Df' 1 ■ ■ ■ D%b)(m')[w] 
= -m' t (a(m)D^ ■ ■ ■ D^ 1 ■ ■ ■ D^b)(m - et) [w] 

+m t (a(m - e^D^ ■ ■ ■ D?" 1 ■ ■ • D£b)(rn')[w] 
= A, + A 2 

where 

A 1 = -m' t {-iy(Z)a(m - ^(Dl 1 ■ ■ ■ D^ 1 ■ ■ ■ D^b(m' + ^ - ^)[w]), 
A 2 = (-1)^ /3m t a(m - ^ - ^(D? ■ ■ ■ D?- 1 ■ ■ ■ D%b(m' + ~s)[w\). 



*ez™ 
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The right hand side of (fT2"j) is equal to 



4 £ 



Hence, 



S-Ai = - E (-1) ^ fc) s t a{m - t) pj 1 • • • 1 • • • C^{m' + 1 - ^ [w]) 
= (-^(3\s k + l)a(m-^ -^ t )(D\ 1 ---Di t - 1 ---D i ^b(m' + ^}[w}) 

which is the same as A 2 since ^t^" 1 ) = (st + ^(/-kl)' 

Case 2. u — D 1 ^ ■ ■ ■ D^a, it > for some t, 1 ^ t ^ n and |u| = 1. Using induction on 
(zi, • • • ,i n ) (with Case 1 providing the induction case), we see that the left hand side of 
( fT2l is equal to 

(D t ui(rn)[v})(m')[w} 
= —m t (ui(m — ~ei)[v])(m')[w] 

= —m t (— 1) s f3ui(m — ~s — e^Qf] (m' + ~~s) [w]) 

where Ul = D 1 ^ ■■■ D^~ l ■ ■ ■ D%a. 

The right hand side of (fT2"j) . on the other hand, is equal to 

- E S ( -> ) ( m * ~~ (rrt - "? - et)([u](m' + ~s)M). 

Because m t ( m ^ _1 ) = (m* — St)( mt ), we see that (fl2l) holds, and this settles the case for 
\u\ = 1. 

It follows from Case 1 and Case 2 that, in particular, (Tl2l) holds for |w| = |u| = |u>| = 1. 
We will use induction on \u\ + \v\ + \w\, and so we assume \u\ + \v\ + \w\ > 3. Also, to 
simplify notation, when we are dealing with a right normed bracketing expression, the 
brackets are simply dropped. 

Case 3. u = a and \v\ = 1. In this case, we just repeat the argument of Case 1, and we 
are done. 

Case 4. u = a and \v\ > 1. Then v = b(k)[vi) for some v\. If m -< N(a,b), then 
[w](m)[i>] = a(m)[v] is a normal word and (fT2l follows from the definition of the product 
of normal words (see Remark). Hence, assume that m -ft, N(a,b). By definition, we have 

a(7i$)(b(k)[v 1 }) = - £ {-lf(ji)a(m-^)(b{k+^)[v 1 }). 
~sez™\o ^ ' 
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Applying induction on m (with \a\ = 1 and \b( k + s )[vi]\ = \v\) and on \u\ + \v\ + \w\ 
we have 



(a(m)[v}){m')[w) 



7 ez™\o 

£ (f) (^"W - ^ - ^ 2 )((&(t + if >M)(™ + ^ 2 >M) 

£ ^ ^3 a ("^ ~ ~s ~ ~~s 2 )b(k + ~s - !? 3 }[vi}(m' + if 2 + 1? 3 )H 
~s,-s 2 ,~s 3 ez™\o 

o 



where e*. w . = (-i) s + s + s (?) ( v ) ( ^ ) • 

Now, let us take the right hand side of ( |T2l) for it = a, u = 6( k )[i>i], m 7^ N(a,b). 
Then 

s 



a(m)(6(A;)[ Wl ])(m / )H+ £ ( _1 M "^ ) a(™ - (&( * } MX™' + ^} [w] 

~tez™\o 



£ (-l)^ 2 (i 2 )a(^)6("fc - "7 2 )h](m' + ^ 2 )H 



a(m — s )6( — "? 2 )[t>i](m' + V + lf 2 )[-u;] 



where 



* = - E (-D'(-D^g)(5) 



a(m — s)b(k + s — s )[vi](m' + s )[w] 



s 2 ezj\o 



A 2 = (-l)^(-l)^ 2 fc) (i 2 )«(^ - ^)6<"^ - ^ 2 )[vi](m + r + t 2 )[w]. 

~s*,^ 2 ez«\o V / V / 

It is not difficult to see that A± + A2 is equal to Aq\ First, make a transformation 

( % , j , / ) = (m — ~s — if 2 , k +~s — if 2 , m' + if 2 + if 3 ) 

where i , j , I & Z? and so i + j + / = m + m' + k . Then v4 becomes a sum of 
the expressions 

^E;-i) 7+7+a t?)( B -^!7)(tI^ 7 )«^'.](T)M. 
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Next, do a similar transformation 

( % , j , / ) = (m —~s, k + ~~s — V 2 , m' + if 2 ) 
with i , j , I G Z". Then Ai becomes a sum of the expressions 

-(-l) t+7 L ™ - V- k a<?>6<7> N (t) M- 
\m — % J \ l — m J 

Do another transformation 

( i , j , I ) = (m — ~s,k— ~~s 2 , m' + ~s + ~~s 2 ) 

with T, ?, T g z» Let 72 = ( -i)e? =1 ^k ; 52 = (m -. ) . . . ( m ™:.j,8' 2 = ( fci *g • • • (^.J. 

Then A2 becomes a sum of the expressions 

Thus the associativity law for u = a will follow if we can establish the following identity 

rn\ ( m — ~s \ ( k 



£ mi 



s + I +m' 



s J \m — s — i J \ k + s — j 



- -(-^(^(T-J^-^t-OCT-y) (13) 

Clearly, (fl3l) is equivalent to 

v- / ^f+T+^Y^ L^" 1 *-^ f^J^^ = (-l)* +7 f^™-^ (->^- 
JT^ n \s ) \™ — ~s — i J \k +~s — j J \m — i J \ I — m' 

which is equivalent to 
due to the equality 

/ m\ ( m — s \ ( m \ f m ~ i 
1? J \m — ~s — i ) \ % ) \ ~~s 

Using a substitution 

( a , b ) = (m — i , / — m') 
with ~a, b G Z 1 }, and ~~a + k = b + j , (1141) becomes 



f k + s\ / & 

? / V a" + k ~ 3 
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which is equivalent to 

'a t \ fh + sA _ / k t 

jt ) \a t + kt- it] ' 



st€Z+ V 4/ 



1 < t < n. 



The last identity is indeed valid (see, for example, D. Knuth. The art of computer 
programming) . 

Case 5. u = D 1 ^ ■ ■ ■ D^a, it > for some t, 1 ^ t ^ n. In this case, we can repeat the 
argument from Case 2, and we are done. 

Case 6. \u\ > 1. In this case, we write [u] = a{k)[u\] where k G Z™, k -< 

N(a,b), a,b G B and 6 is the first letter of [ui]. 

By definition, the left hand side of (TT2l) is equal to 

((o( fc )[ni])(m)[w])(m / )[w] 



E (-D'(-i)^(5) ( 



A; — s 



s,7 2 ez 



a( & — s — ~~s 2 )([ui](m + ~~s)[vi])(m' + s 2 )[w] 



± A, 

where £_^ 3 = (-1) (?) (V) ftV*)- 
Doing a transformation on the indices 

( i , j , I ) = (k — IT — "s* 2 , to + "? — if 3 , to' + if 2 + "5* 

with i , j , I G Z?, Ai then becomes a sum of 



r (- i)^ +r+sr ' ) (V 7 ^ " - 1 L ™ i * -1 

JT^ \ s J \ k — s — i J \ m + s — j I 



«(ON(i>H(OH (is) 



The right hand side of ( 1T2]) is equal to 

£ (-1)* (l!) ( a ^>M)<™ - ^>(M<™" + ?>M) 



= S (-i)^ 2 (^) (-^) a <^ - ^ 2 >M(™ - ^ + ^ 2 )H(m' + t)[ w ] 

V,V 2 ez™ V s / V s / 

Another transformation on indices 

( i , j , I ) = (k — if 2 , m — ~s + if 2 , m' + if) 
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with i , j , I G Z 7 }, brings A 2 to a sum of 



(-1)*+' ( -> f-> * -> )o< OKK/M ON (16) 



/ — m' I \ k — i 



Finally, the fact that 



5>»— (t) (t - ;!t) UStr) - ( - 1)B+7 (t ?*) (* - T 

indicates that ( TloT) and ( IT6"1) are identical (this is ( fl3i) after only an exchange of the roles 
of m and k ) . 

This completes our proof that C(B, N,Di, ■ ■ ■ ,D n ) is a free associative n-conformal 
algebra. □ 

Corollary 2.6 The normal words consist of a linear basis of the free associative n- 
conformal algebra C(B, N , Di, ■ ■ ■ , D n ). 

3 Composition-Diamond lemma 

Here and after, we only consider the situation when the locality function N(a, b), a, b G B, 
is uniformly bounded by some N. Then without loss of generality, we may assume that 
N(a, b) = N for all a,b e B. 

For ~t = (zi, . . . , i n ) G 2* put D 7 = Dl 1 ■ ■ ■ Lfy. 

We assume that any polynomial of / G C(B, N , D 1; ■ • • , _D n ) is presented as a linear 
combination of normal words 

[u] = ai (^)(a 2 (^)(- ■ ■ (a k (^)D 7 a k+1 ) • • • )) (17) 

where a, G B, G Z\, -< N, 1 < I < k + 1, 1 < j < Jfe, ind(u)=T G ZJ, 

|m| = + 1, ^ 0. We shall refer to [u] as D-free if ind(u) = (0, • ■ ■ ,0), and we shall say 
that / is D-free if every normal word in / is D-free. Also, put 

u = a 1 (m {1) )a 2 (m {2) ) ■ ■ ■ a k (m {k) )D 7 a k+1 (18) 

and call it an associative normal word. 

We order the forms (1171) and (1181) according to the lexicographical ordering of their 
weights: 

wt(u) = (\u\,ai, m (1) , a 2 , m (2) , ■■ ■ ,a k , m (fc) , a k+ i, i ). 
For / G C(B, N, Di, ■ ■ ■ , D n ), the leading associative word of / is denoted by /. So 

/ = «/[/] +Ei<Xi[Ui], 

/ = ai(^)a 2 (^)---a k (^)D r a k+ i, 
Ui < J. 
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We denote deg(/) = |/|, and we will call / monic if aj = 1. 

All associative normal words (fl8l) form a f2-semigroup T with 0, where Q = {(m)\m G 
Z™}. The multiplication in T is defined by the following formulas: 

D 1 a(m)x = a(m — T,p =1 i p e^)x, 

a(m)x = 0, -fi m, 
a(m)x = 0, m -/{ N 

where a,b G B and x G D W (B). 
We note that the associative law 

(u(m)v)(m')w = u(m)(v(m')w) 

holds trivially in T. 

For any associative normal word 

u = ai(m (1) )a 2 (m (2) ) • • ■a k (m^)D 1 a k+1 , 
we denote by (u) a nonassociative word on u, i.e., (it) is some bracketing of u. 

Lemma 3.1 Let [p] and [q] be normal words. If [p] is D-free, then for any m G Z 1 ?, 
m -< N, 

\p](m)[q\ = \p(m)q\ + Itytft] 
where [qi] are normal, q, L < p(m)q, and \qi\ = \p\ + \q\. If q is D-free, so are qi's. 

Proof. If \p\ = 1, then p = a G B, and [p](^)[5 r ] is normal. So let \p\ > 1 and write 
p = ai(m')[pi], where m' -< N . Then 

(ax(m')\pi])(m)[q\ = ai(m')([pi](m)[g]) + 2J a-^ai(m - ^([p^m' + ~s)[q]) (19) 

~tezi\o 

Using induction on \p\, we have 

ai(m')([pi](m)[g]) = ax{m')\px{m)q] + T 1 (3 i a 1 {m')[u l ] 

where 

l^il = + \q\i Ui < pi(m)q, ai(m')ui < ai(m')pi(m)q = p(m)q. 

By Lemma 12.41 the second summand in the right hand side of ( Tl9l) is a linear combination 
of normal words of the following form: 

ai(m — ~~s)[w], \w\ = \pi \ + \q\ and s G Z"\0. 

Hence 

ai(m — ~~s)w < a 1 (m')pi(m)q = p(m)q, \ai(m — ~~s)w\ = \p(m)q\. 
This completes the proof of the lemma. □ 
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Lemma 3.2 Let u = ai(m afc+i be an associative normal word. Then 

for any nonassociative word (u), (u) = [u] +Tiiai[ui\, where [ui\ are normal words, ui < u 
and \ui\ = \u\. In particular, (u) — u. If u is D-free, then the ui ? s are D-free as well. 

Proof. Induction on \u\. The case of \u\ = 1 is clear. Let \u\ > 1, and so (u) = (v)(m)(w) 
for some associative normal words w and v with v being D-free, and m G Z 1 ?, m ~< N . 
By induction, we have 

(v) = [v] + Ea { [vj], (w) = [w] + EPj[v)j] 

where V[ < v, Wj < w, \vi\ = \v\, \wj\ = \w\, f/'s are D-free. 
The lemma would follow from Lemma 13.11 □ 

Definition 3.3 Let S C C(B, N, D\, ■ • ■ ,D n ) be a set of monic polynomials. We de- 
fine S -words (u) D ~f s by induction. (Actually, (u) D -? is a word with the occurrence of a 

polynomial D 1 s, s E S .) 

1) (D 1 s ) D ~i s = D % s where s G S , is an S-word of S -length 1. 

2) If Upt a is an S-word of S -length k, and (v) is any word in B of length I, then 
("u)r,T ( m )( v ) an d i v ) ( m ) ( u ) n't s are S-words of S -length k + I. 

The 5-length of an S'-word (u) D t will be denoted by \u\ D ~? . 

Remark. Any element of Id(D tJ (S')) is a linear combination of S'-words. Yet for S'- 
word {u) D ~t , the length |w|r,-f may increase under some of the transformation that 
follow. For this reason, we need the notion of formal degree (fdeg) of expression in 
C{B,N,D ir -. ,D n ). 

Definition 3.4 Let E^a^itj), oij ^ 0, be a linear combination of some words U{ in B. 
Put 

k 

fdeg(S Oi(ui)) = max \u{\. 
i=i 

Of course, fdeg(S* : =1 aj('Uj)) depends on the presentation of E^a^itj). It is also clear that 
fdeg(Eoj(Mj)) ^deg(Eoj(-Uj)), and if the (iij)'s are normal, then fdeg(Ea;j(ttj)) =deg(Eaj 



Definition 3.5 Let S be a set of monic elements in C(B, N , D\, • ■ ■ , D n ). An associative 
normal S-word is an expression of the following forms: 

u s = a(m)s(m')b (20) 
where s G 5* is D-free, a, b G T with being D-free, m, m' G Z™, m, m' -< N ; or 

u D r s = a(m)D 7 s (21) 
where s G S, % G Z 1 }, cl G T is D-free, m G Z 1 }, m ~< N . 
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Here we note that a and b may be empty in (I2U1) and (|2ip . 

The words in (I2U1) will be referred to associative normal .S-words of the first kind, while 
those words in (12 ip associative normal S-words of the second kind. The elements 

[u] s = [a(m)s{m')b\ and = [a{m)D 1 s] 

will be referred to normal S'-words of the first kind and the second kind, respectively. A 
common notation for words (I2T)]) and (121 p is 

u d~?s = a (™) D 1 s(m')b 

where s is D-free and i = (0, • • • , 0) if b ^ 1, while s and i G are arbitrary if b = 1. 
From now on, S will denote a set of monic polynomials. 



Lemma 3.6 Let [m] d t s — [a{m)D % s(m')b] be a normal S-word, a,b G T. Then [u] D -? = 
[a(m)D 1 s(m')b]. 

Proof. Assume first that b ^ 1. Then i = (0, • • • , 0), s is D-free, and [u] s = 
[a(m)s(m')b]. Let s = [s] + £07 [it/] where [s] and [uj\ are normal D-free, and U\ < s. 
Applying Lemma 13.21 to each of the expressions 

[a(m)\s](m')b] and [a(m)[ui}(m')b], 

we see that the leading associative normal word of [a(m)s(m')b] is a(m)s(m')b. 
Next if b = 1, then [m] d t s — [a(m)D i s]. Again, we have 

s = [s] + Y>ai[ui] 

where [s] and [uj\ are normal, ui < s. Also, 

[a(m)D r s] = [a(m)D r [s]] + S^[a(m)D r [u,]], 

of course, .D 4 [s] = [sD % ] + E/^fu,] with normal [vj] such that Vj < sD 1 where sD 1 
means that we apply D % to the last letter of s. To see this, we use induction on \s\. For 
\s\ = 1, it is clear. So assume s = ai(m')[s'], s' is normal, m' G Z", m' -< N. Then 

D 7 [s] = D 7 [a 1 (^)[s']]= (|Wai(™>£ T - T V] 

where [m^]* 9 = m' q (m' q — 1) ■ ■ ■ (m^ — t q + 1), 1 ^ q ^ By induction, 

D 7 [s'} = [7D 7 ] +E aj [uj], 
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with normal [uj] and [wj] such that Uj < s'D 1 ,Wj < s'D 1 * . So 

\sD~*\ = ai(m')\s 7 D t ), a^m')^} < a 1 (m')\s'D t ], 

atirn' - T)[ZD T ~ 7 ] < a 1 (m'){l?D~ r }, ai (m' - ~?)[wj} < a^m')^ D^} 
for t G Z™\0. We are done. 

Similarly, D 1 [ui\ = [uiD 1 ] + £/3j \v'A with normal [v' 3 ] such that v' 3 - < u\D 1 . Since 
ui < s, u\D 1 < sD 1 . So D 1 s = sD 1 , a(m)uiD 1 < a(m)sD 1 . 

Thus we see that the leading associative normal word of a(m)D % s is a(m)sD 1 , which 
is equal to a(m)D 1 s. This completes the proof of the lemma. □ 

Definition 3.7 Let f and g be monic polynomials of C(B, N, Di, • ■ • , D n ) and w G T . 

We have the following compositions. 

• If g is D-free and w = f = u(m)g(m')v for some u,v G T with u D-free then define 

(f,g)w = f- [u(m)g(rn')v], 

which is a composition of including. 

• Ifw = fDj\ ■ ■ ■ Df h = u{m)gD l 3 k k + ^ ■ ■ ■ Df n for some ueT, u D-free, h,--- , i n G Z+, 
(ji, ■ ■ ■ ,jk,jh+i, • ■ ■ , jn) G S n , then define 

(f,g) v , = D«...D&-[uffiD i £ l ...DZg], 

which is a composition of right including. 

• If f is D-free and w = f(m)v = u(m')g for some u,v G T , u D-free, and \ f\ + \g\ > 
\w\, then define 

(f,g)w = \f{m)v] - [u(m')g], 
which is a composition of intersection. 

• Ifu G B and m -/{ N , then a(m)f is referred to as a composition of left multiplication. 

• If f is not D-free, a G B and m G Z 1 ?, then f(m)a is referred to as a composition of 
right multiplication. 

Remark. From Lemma [3.61 it follows that for any composition, (f,g) w < w. 

Definition 3.8 Let S be a set of polynomials in C(B, N, Di, ■ ■ ■ ,D n ). A composition 
(f,g)w ^ sa id to be trivial modulo S, denoted by (f,g) w = mod S or (f,g) w = 
mod(S, w), if 

(f,g) w = X>M™ (0 M™ ,(0 H +X> J -Mm&>)£# Si ] (22) 
lei jeJ 

where I D J — 0, S/, Sj G S, [ui(m^) si(m'^)vi] and [uj(m^)D %: > Sj] are normal S-words 
(in particular, si,l G I, are D-free), and ui(m^)Ji(m'^)vi < w, Uj{m^)'SjD l1 < w for 
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all I £ /, j £ J. Also, if f and g are both D-free, then all normal S-words in are 
D-free as well. 

Next, h = a(m}f or g(m')a, where a G B , m -/{ N and m' G Z 7 }, is call trivial mod S 
(h = mod S) if h can be written in the form H^ty) with 

K(m w )sl(m /(Z) H ^ \h\ , \ Uj (m ij) )s-D^\ ^ \h\ 

for I £ I, j £ J. Also, all normal S-words in §2E) are D-free if h = g(m')a or h = a(m)f 
with f D-free. 

Finally, a set S C C(B, N, D\, ■ • ■ ,D n ) of monic polynomials is called a Grobner- 
Shirshov basis if all compositions of elements of S are trivial modulo S. 

Remark. When calculating compositions in what follows, we will omit the elements the 
form of the right hand side of ( 1221 . Such an omission will be signified by replacing the 
symbol = by the symbol =. Thus in this notation, the triviality of a composition h (mod 
S) can be stated as h = (mod S). 

Lemma 3.9 Let s £ S be D-free and u £ T . Then the S-word [s{m)u] is a linear 
combination of normal S-words s(jn^)ui, where -< N , ui £ T, \ui\ = \u\. If u is 
D-free, then ui 's are D-free as well. 

Proof. We use induction on m. If m -< N, then [s(m)u] is already a normal S-word. 
So we let m -fi N . Assume first that \u\ — 1, so u — D] 1 ■ ■ ■ D^a for some a £ B and 
ii, ■ ■ ■ i n £ Z + . When i\ — ■ ■ ■ — i n — 0, s(m)u = s(m)a = since s is D-free, a £ B and 
m 7^ N. Thus, no less of generality, assume that i^, • ■ ■ ,ii k > 0, i\ k+1 = • ■ ■ = i\ n = 0, 
1 < k ^ n, (/i, • • • , l n ) £ S n . Then 

= D^...D^(s(m)a) 

= s(rn) D h ■■■ D i a+ Yl a st,~,s k s{™ 

Oi,-, Sfc )e^\o 

Thus we have 

s{m)D\ l l ■■■D l l [ k a= -a Slt ... , Sk s(m - Y, k p=1 s p e? p )D^ Sl ■ ■ • L>J Sk a. 

( Sl ,-,s k )EZl\0 

The case that \u\ = 1 follows from the induction on (ii, • • • , i n )- 
Now, let \u\ > 1, and write 

u = ai(m'}ui, m £ Z"l, rn -< N , a\ £ B. 

Then 

s(m)u = s(m)(ai(m')[ui}) = (s(m)ai)(m')[ui] — f3-j>s{m — t)(ai(m'+ t )[ui\) 

Tez™\o 



-r k s F?\n ili ~ Sl ■ ■■ D hk ~ Sk n 

2 ^ P =i s P e i P )- u i 1 u i h «■ 
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where s(m)oi = as we have seen. By Lemma [2.41 all ai(m' + t )[ui] are linear combi- 
nations of normal words of the same length. Then 

s(m)u = ^l^ d s(m - t)[vj], Vj G T, \ Vj \ = \v\. 

Hence, the result follows from the induction on m. □ 

Lemma 3.10 Let S be a Grobner-Shirshov basis, s G S not D-free, and u G T '. Then the 
S-word [s(m)u] of formal degree L is a linear combination of normal S-words of degree 
at most L. If u is D-free, then the normal S-words in consideration are D-free as well. 

Proof. Suppose \u\ = 1. Then u = D^ 1 ■ ■ ■ D l ™a for some a G B. If i\ — ■ ■ ■ — i n — 0, 
then u = a and the statement follows from the triviality of the right multiplication. No 
less of generality, assume that i k > for some k, 1 ^ k ^ n. Then 

s(m)D^ ■ ■ ■ D^a = D k {s{m)D^ ■ ■ ■ D^~ l ■ ■ ■ D^a) + m k s(m - ^ k )D^ ■ ■ ■ D k k ~ l ■ ■ ■ D%a 

and the results follows from the fact that the derivation of any normal .S-word is a linear 
combination of normal 5*- words, and the induction on (ii, • • • ,i n )- 

Now, assume that \u\ > 1. Hence u = a\(m')ui for some a\ G B and u\ G T. Then 

[s(m)u] = s(m)(ai(m')[ui]) = |-^j(s(m— t )a\){m' + t )[ui]. 



t ez r ; 



Again, using the triviality of the right multiplication, we have that every s(m — t )ai 
is linear combination of D-free normal S- words of degree at most L — \ui\ of the form 

[v(T)si<TH (23) 

where si G S and v,w G T (which may be empty). Multiplying ( |23l) by some ( k )[ui] 
from the right, and applying the associative law, we obtain a linear combination of words 
of the form 

'[v'(l')s 1 (t')w'(k')u 1 ], xfw^l 
[v'{T')s l (k')u l }, if w = l 

where I ' ^ / -< N, t' < t -< N, v',w' G T, and k ^ k'. We can assume, using 
Lemma [2.41 that in the words of the first form, all w'( k ')u\, are normal, and also, since 
S\ is D-free now, Lemma [d. 91 can be applied to the words of the second form. In all cases, 
we have linear combinations of normal S 1 - words of degrees at most L. □ 

The proof of the next lemma is similar to that of Lemma 12.31 The only difference is 
that we add to B a new letter D 1 s, and we are dealing with words with one occurrence 
of D^s. 

Lemma 3.11 Any S-word (u) D f can be presented as a linear combination of right 
normed S-words 

H D T S = x 1 (^)(x 2 (^) ■ ■ ■ (x k {^)x k+1 ) ■■■) (24) 

where Xj = D l s for some jo G {1, • • • k + 1} ; and Xj G D^i^B) for j ^ j , each of the 
same formal degree. 
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Lemma 3.12 Let S be a Grobner-Shirshov basis in C(B, N , Di, ■ ■ ■ , D n ). Then any S- 
word (v) D -* of formal degree L is a linear combination of normal S -words of degree less 
or equal to L. If i x = ■ ■ ■ = i n = 0, then all the normal S-words are D-free as well. 

Proof. By Lemma [3.111 we may assume that {v) D t = [v] D t of the form If L — 1, 
then {v) D t s = D l s, and it is a normal S-word. 

Now, let L > 1. Consider first that M D ~f s — 2. There are essentially two possibilities: 

[v] s = s(m)D 3 a or [v\ D -? = a(m)D 1 s 

where s G S, a G B. In the first case, the result follows from Lemma \'S. 9 1 or Lemma [3. 101 
Suppose i\ — • • ■ — i n — in a(m)D 1 s, so [v s ] = a(m)s. If m -< N, it is a normal 

S'-word. li m -A N, we are done by the triviality of left multiplication. 
Assume that ik > for some k, 1 ^ k ^ n, in a(m)D 1 s, and that all 

a(m)D i 1 1 ---D i k k - 1 ---D i ,?s 

are linear combinations of normal S-words of degrees at most L. Now the result follows 
from the fact that 

a(m) J Di 1 ■■■D i -s = D k {a(m)D\' ■ ■ ■ D 1 ^ 1 ■ ■ ■ D%s) + m k a(m - e k )D\' ■ ■ ■ D 1 ^ 1 ■ ■ ■ D%s, 

the derivation of any normal S-word is a linear combination of normal S-words and the 
induction on ■ ■ ■ , i n ). 

Now, let M d y ^ 3. If (f)r,T begins with D 1 s, then we may assume that i± — ■ ■ ■ — 

i n = 0, [v] s = s(m)[u], s G S, m -A N , and [u] is a normal word. Then, by Lemma 13791 or 
Lemma [3.101 we are done. 

Suppose that [w] D f = (X (j^)[ u \d^s ^ or some a £ B and m G Z". We may assume 
that is a normal S-word of degree less than or equal to L — 1. If m -< N, then 

a(m)[w] D 7 is already a normal S-word. So let m -/{ N . Applying the associativity law 
to a(m)[u] D -? , we get a linear combination of four kinds of words (of formal degree less 
than or equal to L): 

a(^-7)[u} D r s (teZl\Q), (a(^)b)(^')[u} D r s , 

a(m)D^s, (a(m)s)(m')[ Ul ] (25) 

where a, b G B. Induction on m is applicable to the words of the first kind. Since 
a(m)b = 0, the words of the second kind are zero. The words of the third type in ( J25l) 
have been treated above. Note that, by triviality of left multiplications, the words of the 
fourth kind are linear combination of words 

[v l {^)s l {t^)w l \{^')[u 1 ], [v j (m^)D r ^s j )(m')[u 1 ] (26) 

where [vi{m^)si( t ^)wi] are normal S-words of the first kind, [vj(jn^)D %: > Sj] are normal 
S-words of the second kind, and all words in ( J26l) have formal degree at most L. 
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Applying the associative law to (|26p . we get a linear combination of right normed 
S'-words, of formal degree less than or equal to L of the form 

[v[(m'^)s l (t'V ) )w[{m")u l l [v' 3 (m'^)s j {m"')u l } 

where si,Sj G S, v[,w[ and v'j are normal D-free associative words (w\ may be empty), 
rft'Q) -< ^(0 _< ]v, r< -< iV, and m" G Z£, nt'& r< -< N and m'" G 2*. 
Now the result follows from Lemmas 12.41 13.91 and 13.101 the same way as before. 

In the above argument, we have used the compositions of left and right multiplications. 
If i\ — ■ • • — i n = and s is D-free, we only need compositions of left multiplications. In 
this case, we get only D-free normal S"-words. □ 



Here and after, we say that a polynomial / is smaller than another g if / < g. 

Lemma 3.13 Let S be a Grobner-Shirshov basis. Let 

(r) s = [p{t)s(7)q]{k)[t} (27) 

be an S-word where \p{ i )s{ j )q] is a normal S-word of the first kind, q is D-free, t G T , 
and k G Z!t, k -< N . Then (r) s is equal to [p( i )s(j )q( k)t] modulo smaller normal 
S -words of the first kind. If t is D-free, then all the words are D-free as well. 

Proof. Consider first that \p\ = 0. If \q\ = 0, then s(k)t = [s( k )t] is already a normal 
S-word. So we assume that \q\ > 0. Then 

(s(7)[q])(t)[t] = s(y)([q](k)[t])+ a r s(t -7)([q](k +7)[t\). 

Tgz™\o 

By Lemma [3TT| [q] (k)[t\ is equal to [q( k )t] modulo smaller normal words. So s( j )([q]( k ) [t]) 
is equal to s{ j )[q{ k )t] = [s{ j )q( k )t] modulo smaller normal S-words. By Lemma [2~4l 
[q](k + I ) [t] is a linear combination of normal words [izj of the same length. It follows 
that s( j — I )[ui], I G Z™\0, are smaller normal 5-words. 

Now, let \p\ ^ 1, and p = ai{m)pi where a\ G B, m -< N and \pi\ ^ 0. Denote for 
simplicity that [h] s = [pi( i )s( j )q\. Then ( 1271) has the form 

[p(^)s(7)q](^)[t] = (a 1 (^)[h] s )(k)[t] 

= a 1 (^)([h] s (k)[t])+ P r a 1 (rrt-~t)([h] a (t + ~t)[t]). 

Since \pi\ < \p\, the induction on \p\ applies and we have that ai(m)([h] s ( k)[t]) is equal 
to a\(m)[h s { k )t) = [a\(m)h s { k )t\ modulo smaller normal 5-words. On the other hand, 
let L =fdeg(r) s . Then by Lemma [3.12[ [h] s ( k + I )[t] is a linear combination of normal 
S- words of the first kind whose degree is at most L — 1. Hence a\{m— I ){\h\ s {k + I )[£]) 
is a linear combination of smaller normal S'-words of the first kind. This completes the 
proof of the lemma. □ 
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Lemma 3.14 Let S be a Grobner-Shirshov basis. Let 

(r) s =[t}(k)\p(T)s(T)q] 

be an S-word where [p( i )s{ j )q] is a normal S-word of the first kind, t G T is D-free, 
and k G Z 7 ^, k -< N . Then (r) s is equal to [t{k)p{ i )s(j )q] modulo smaller normal 
S -words of the first kind. If q is D-free, then all the words are D-free as well. 

Proof. We shall use induction on \t\. When |t| = l,t — a G B and (r) s is a normal 
S-word. So, let \t\ > 1 and write t = a 1 (m)t 1 . For simplicity, we put [h] s = [p( i )s( j )q\. 
Then 

(r) a = (a 1 (^)[t 1 ])(t)[h] s = a 1 (^)([t 1 ](k)[h] s )+ ^ a- t a 1 (rit-~t){[t 1 ](k +7)[h].). 

We can apply induction on t\{k)[h] s since \t\\ < \t\. As a result, ai(m)(ti( k )[h] s ) is 
equal to ai(m)[ti( k )p( i )s( j )q] = [t( k )p( i )s( j )q] modulo smaller normal S-words of 
the first kind. By Lemma f3. 121 [ti]( k + I )[h] s is a linear combination of normal S- words 
of the first kind whose degree is at most fdeg(r) s — 1. Thus, each ai(m — / k + 

I ) [h] s ) is a linear combination of normal S- words of the first kind which are smaller than 
[t(k)p{i)s(j)q). □ 

Proposition 3.15 Let S be a Grobner-Shirshov basis in C(B, N , D\, ■ • • ,D n ), and let 
u s = v(m)s(m')w be an associative normal S-word of the first kind. Let (u) s be some 
bracketing of u s . Then 

(u) s = [v(m)s(m')w] + T l a i [u l ] Sx 

where [ui) Si are normal S-words of the first kind, and ul < u = v(m)s(m')w . If w is 
D-free (or empty), then all the Ui's are D-free as well. 

Proof. Let L =fdeg(w) s ^1. If L = 1, then \u\ s = 1 and (u) s = s is a normal S-word. 
Let L > 1, \u\ s > 1, and 

(u) s = (ui) s ( k ){u 2 ) or (u) 8 = (u 1 )(k)(u 2 ) s 

for some k G Z", k -< N . 

Suppose (u) s = (ui) s ( k )(m 2 ). Then U\ = v(m}s(m'}p and w = p(k )w 2 where p is 
D-free and may be empty. By induction on \u\, we have 

(«i) s = [v{m)s{m')p] + T l a i [v i ] Si 

where [vi] Si are D-free normal S-words of the first kind, and ui < v(m)s(m')p. By Lemma 



(u 2 ) = [wl + EPjiwj] 
where [wj] are normal words with Wj < u 2 . Thus 

(u) s = [v(m)s(m')p]( k }[u 2 }+Y l a i [v i ] St ( k )[u 2 ]+T,p j [v(m)s(m')p\( k }[w j ]+Y l a i [3 j [v i } St ( k }[wj]. 

Now, the claim follows from Lemma 13.131 

Similarly, the case when (u) s = {ui)( k ){u 2 ) s follows from Lemma \3. 141 This completes 
the proof. □ 
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Lemma 3.16 Let S be a Grobner-Shirshov basis in C(B, N , D±, • • • , D n ). Let 

(r) D -T s = [t](t)ip(7)D r s] 

be an S-word where [p( i )D l s] is a normal S-word of the second kind, t G T is D-free, and 
k G Z 7 ^, k -< N . Then (?")n7 ^ s equal to the normal S-word [t( k )p( i )D 1 s] modulo 
smaller normal S-words. 

Proof. We shall use induction on \t\. When \t\ = l,t — a G B and (r) D f s is a normal 

5-word. Let \t\ > 1 and write t = ai(jn)t\. For simplicity, we put [h] D r s = [p( i )D 1 s]. 
Then 

( r ) D r s = M^)[t 1 ])Ck)[h] D - Ts 

= a 1 (m){[t 1 }{k)[h] ]D -r s )+ Yl «7 G i(^-7)(N("fc+?)N D r s )- 

We are done by induction on \t\ and Lemma [3. 121 □ 

Proposition 3.17 Let S be a Grobner-Shirshov basis in C(B, N, D\, ■ ■ • ,D n ), and let 

u D~t s = v ( m )D 1 s be an associative normal S-word of the second kind. Let (w) d t s be 
some bracketing ofu D f s . Then 



( a j , , 7 = [v(m)D 1 s] + Eat,- [uj] ■? 



D 1 s L \ / J 1 J L 3i D I kfSk 

n.rp nnrm.nl 

D 1 k Sk 



where [v>j] -? are normal S-words with Uj < u = v(m)sD 1 . 



Proof. Let L =ideg(u) D -? ^ 1. If L = 1, then (u) D -f = D 1 s is a normal S"-word. Let 
L > 1, \u\ „r > 1) an d 

D s 

( u )dT s = ( u i)( k )( u -2) D r s 



for some k G Z™, k ~< N . 



Suppose u 2 = p(m)D 1 s and v = Ui(k)p, where p is D-free and may be empty. By 
induction on IwLy , we have 



(u 2 ) D r s = [p(m)D 1 s] + Ea j [v j ) D f kSk 



where [^j] D T fcs are normal S- words , and Vj < p(m)sD . By Lemma 133 



where [iw,-] are normal words with < u\. Thus 



+£/?>,] (t)^)/^] + Sa,/3,K-](t)[^] DTfcSfc . 
Now, the claim follows from Lemmas 13.161 and 13.141 This completes the proof. □ 
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Lemma 3.18 Let S be a set of monic polynomial, s±, s 2 G S. Let (s 1? s 2 ) w be one of the 
following composition: 

• ( s i) s 2) w = s i — [u(m)s 2 ], where w — Si — u(m)~S2; 

• ( s i, s 2)w = s i — [u(m)s 2 (m')v], where w = ~s~i = u(m)~s 2 ~(m')v, d ^ 1, and s 2 is 
D-free; 

• (si, s 2 ) w = D\\ ■ ■ ■ D\l Sl -[u(^)Dlll ■ ■ ■ D\ : s 2 ], where w = ^ • • • D j = u^D^ 
■ ' ' D'l™, (li, ■ ■ ■ ,lk, h+i, • • • , In) G S n ; 

• (si,s 2 ) w = [si(m)v] — [u(m')s 2 ], where w = Si(m)v = u(m')s 2 , v ^1, S\ is D-free, 
and |sl| + |s2| > \w\. 

If (si, s 2 ) w = mod(S,w), then we have, respectively, 

• D^ Sl - [u(m)D^s 2 ] = mod (S,wD*); 

• D^ Sl - [u{m)s 2 {m')vD~3] = mod [S,wD^) ; 

. D~l{D\l ■ ■ .Dj ai ) - [u(lZ)D"{Dlll ■ ••£>•>)] = mod (S,wD"); 

• [ Sl (m)vD^] - [u(m')D^s 2 ] = mod (S,wD?). 

Proof. The fact that (s\, s 2 ) w = mod(S ) w) means that 

(si,s 2 ) w = ^a i [u i (^W)s i (wt'W>u i ] + J2 a k[Mrn {k) )D lk s k ] 
iei keJ 

where all the S- words on the right hand side are normal and less than w. We shall show 
that 

D^[a(m} Sl ] = [a(m}D^ Sl ] mod (S,wD?) (28) 

and 

D^[a(m)s 2 (m')b] = [a(m)s 2 (m')bD^] mod (S,wD>) (29) 

for all j G Z™, a,b G T, where s 2 is D-free and 6^1. 
Now we use an induction on j to show that 

D j [a{m)si] = [a(m)D j si] + e x 

where e\ is a linearly combination of normal S-words that less than a(m)siD^ . If ji = 
■ • ■ — j n — 0, it is clear. Suppose that j t > for some t, 1 < t < n. Consider first that 
|a| = 1. Then a G -B and 

£M[a(m)si] = D^"^[Aa(m)si + a(m) Asi] 

_ £) j -e t [ aa (jfi _ e^)si + a(m) -DfSi] 

= aD^ _iJ [a(^ - e?)si] + D^-^[a(m)D tSl \. 
By induction on j , we have 

£M -^[a(m - e?)si] = [a(m - e?)-D? _i? Si] + 4, 
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D 3 -^[a(m) D t si] = [a(m)D 3 Sl ] + e'[ 

where e[ and e'[ are linear combination of normal S'-words that less than a(m—~e~t)~siD 3 ~ e * 
and a(m)siD 3 . We are done since a(m — ~el)~siD 3 ~ et < a(m)~siD J . 
Assume that \a\ > 1, and write a = ai(m')[ui). Then 

D^[a(m) Sl ] = D^[ai(m')K(^>si]] 

= a\(jn')D 3 [ui(m)si] + a-^ai(m' — I )D 3 ~ 1 [ui(m)si]. 

Tez™\o 

We are done by induction on \a\ and j , and ( 1281) follows. 
Similarly, using induction on j again, one has 

D 3 [a(m)s2(rn')b] = [a(m)s2(rn')bD 3 ' ] +£2 

where £2 is a linear combination of normal S-words that less than a{m)^(m') bD 3 , and 
(1291) follows. 

Thus, 



ie/ fceJ 

Since Ui(m^)si(m'^)vi < w and Uk(rn^)~SkD lk < w, Ui(m^)si(m'^)viD 3 < wD 3 
and Uk{rn^)~SkD lk + 3 < wD 3 . Therefore, we have 

£>^0i, s 2 ) tt = mod(S, wD 3 ) for all J e Z\. 
This completes the proof. □ 

Theorem 3.19 Let S be a Grobner-Shirshov basis in C(B, N , D 1; ■ • ■ , D n ) with fixed N . 
If f e Id{D u) {S)), then leading associative word f of f is either 

f = u(m)s(m')v or f = u(m)sD 3 

for some s E S which is D-free in the first case. 

Proof. Let / 6 Id(D w (S)). By Lemma EH 

k 

f = Y,^i[ui{^)D^s i {^)v i ] (30) 

i=l 

where [ui(m^')D 31 Si(m'^)vi] are normal S'-words (jj = and Sj is D-free if v i 7^ 1 ). We 
will assume that the right hand side of flHUj) has no similar summands. 
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Let us take leading associative words. By Lemma [3 .6} 

Wi = Ui(m (i) )s-iD^ (m' (i) )vi, 1 < % < k, 
and arrange them in decreasing order, i.e., 

Wi = W 2 = ■ ■ ■ = Wi > Wi + i ^ Wi +2 ^ • • • ^ W k . 

We will use induction on (w\, I). 

If I — 1, then / = ui(Jn^)^D^ (m'^)vi and we are done. So let |/| > 1. Then 

Wl = Ul (m {1) )s^D^ (m'Wjv! = u 2 (m {2) )s^D^ (m' {2) )v 2 . 

Assume first that v i ^ 1 and v 2 ^ 1. Thus ji = 0, j 2 = and si, s 2 are D-free. Let us 
rewrite the first two summands of fl30l) in the form 



ai[ui(m^) si(m'^)vi\ + a 2 [u 2 (m^) s 2 (m'^)v 2 ] 
= (a 1 + a 2 )K(^«)s 1 (^ , WH (31) 
+« 2 (K(^( 2 )) S2 (^ 2 ))t; 2 ] - 

There are three cases to be discussed. 

Case 1. s7 and are mutually disjoint. We assume that sj is at the left of s 2 , i.e., 

u 2 = Ui{rn^)'si{rn' ( - 1 ^)a and v\ = a(m ( - 2 - ) )s 2 (m' < ' 2 ' ) )f 2 , 

here a G T may be empty. The last item of fl3Tl) can be rewritten: 

[u 2 {m^)s 2 {m'^)v 2 ] - [u^m^s^m'^vt] 

= [n 1 (m (1) )sT(m' (1) )a(^ (2) )s 2 (m ,(2 V2] - [?ii(m (1) )si(m /(1) )a(^ (2) )^(^ ,(2) )^] 
= A + B 

where 

A= [ Ml (m«)sT(m / «)a(^ (2) )s 2 (m , ( 2 V2] - [t i i(mW)s 1 (m'( 1 )) fl (m (2) }s 2 (m' ( >2], 
5 = [ Ml (m (1) ) Sl (m /(1) )a(^ (2) )s2(m ,(2) )i;2] - M™ (1) )si(™' (1 V(™ (2) >^(™' (2) H- 

By Proposition I3.15[ A and -B are linear combination of normal S"-words with leading 
associative words less than wi. Thus, we can rewrite / with a smaller (wi,l). 

Case 2. One of s± and s 2 is a subword of the other, say, w — s± — a(m)~s 2 ~(m')b. 
Then m = m^ 2 -*, m' = m !( - 2 \ u 2 = Ui(m^ 1 ')a and v 2 = 6(m' < - 1 - ) )f i. Let (si, s 2 ) w = 
Si — [a(m)s 2 (m')6], and rewrite the last item of ( I3T]) into 

[« 2 (m (2) )s 2 (m' (2) )t;2] - K(m (1) ) Sl (m ,(1) )t;i] 
= [ Ml (m (1) )a(^ (2) )s2(m ,(2) )6(m' (1 Vi] - M™ (1) >Si(™' (1) H 



4 A-S 



where 



A = [it 1 (^W)a(m (2) )s 2 (m ,(2) )6(m ,(1) )^] - [ui(m (1) )[a(m (2) )s 2 (m /(2) )6](m ,(1) )i;i], 
5 = [w 1 (m (1) )s 1 (m'W)u 1 ] - [ Ml (m (1) )[a(m (2) )s 2 (m ,(2) )6](m /(1 Vi] 
= M^«)( S i,s 2 ) w <^>i]. 
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We apply Proposition 13.151 to A and obtain a linear combination of normal S- words with 
leading associative monomials less than w±. On the other hand, since si and s 2 are D-free, 
{si,s 2 ) w is a linear combination of D-free normal S-words which are less than w. As a 
result, we can also apply Proposition 13. 151 to B and obtain a linear combination of normal 
5"- words which are less than W\. We again rewrite / with a smaller (w\, I). 

Case 3. s\ and s 2 have a nonempty intersection as subword of w, and si and s 2 are 
not subwords of each other. Assume that si is at the left of sjj, i- e - ; M 2 = Wi(m^)6, t>i = 
a(m'^)v 2 , and sT(m^)a = b(m^)s2 = w, where a, 6 6 T are D-free, and |si| + [ «2 1 > w. 
Let (si,s 2 )«, = [s 1 (m^)a] — [b(m^ 2 ')s 2 ], and rewrite the last item of flHUl) into 

= [ Ml (m (1) )6(m (2) )s 2 (m /(2) )t; 2 ] - [M 1 (m (1) )si(m' (1) )a(^' (2) )^] = ^ - B - C 

where 

A = {u l {m {l) )b{m {2) )s 2 {m' {2) )v 2 } - [ Ul (m^}[b(m^}s 2 }(m' (2) }v 2 }, 
B = [ Ml (m (1) ) Sl (m ,(1) )a(^ ,(2 V2] - [wi(w (1) )[si(m ,(1) }a](w' (2) )^ 2 ], 

c=K(^W)(5 1)S2 )„(^ 2 ))^]. 

By Proposition 13. 15^ A and S are linear combination of normal S'-words which are less 
than w\. Applying Proposition 13.151 and using the fact that S is Grobner-Shirshov basis, 
we conclude that C is also a linear combination of normal S'-words which are less than 
w\, and we have decrease (wi, I) in this case as well. 

Now, we consider the cases of v% — v 2 — 1 and v i ^ 1, v 2 — 1. 

When i>i = v 2 — 1, we have 

Wi = Mi(m (1) )sTL)^ = u 2 (m {2) )s^D^ 2 . 
Rewrite the first two summands of ( |30l) to get 

a^mim^D^st) + a 2 [u 2 (m {2) )D^s 2 ] 
= («i + a^imim^D^st] + a 2 ([u 2 (m^)D^s 2 ] - [ Ul (m^)D Tl Sl }) (32) 

We may assume that j h2 ^ j hh ■ ■ ■ ,j ik2 > ji k i,ji k+l2 < ji h+1 i, • • • ,ji n 2 < ji n i, (h, ,l n )e 
S n ,0^k^n, and put h = ji l2 -j h i > 0, • • • ,i k = j h2 -j hl ^ 0, i k+1 = ji k+1 i~ ji k+l2 ^ 

0, • • • , in = iw - Jw > 0. Write w x = w'D^ 1 ■ ■ ■ D^ 1 D^f ■ ■ ■ Dff where 

w> = Ui (^)std;i+i ...d]:= u 2 (^)- 2 dh ■ ■ • /;;; 

and consider two possibilities: 

slD) k+1 ■ ■ ■ D) n = uim^siDY ■ ■ ■ D) k = w, s^D) 1 ■ ■ ■ D) k = u(m {1) )s^Di k+1 ■ ■ ■ D) n = w. 

1 'fc + i In N ' * h Ik ' * l\ Ik N ' 1 'fc+1 'n 

In the first case, we have the composition of right including (s\, s 2 ) w = D %k+1 ■ ■ ■ D\™s\ — 
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[u(m^)D^ ■ ■ ■ D\ h k s 2 ] which is zero modulo (S,w), and the last item in f[3"2"l) becomes 
[ Ul (^)u(^)D?^ ■ ■ ■ D^ k D^ 2 ■ ■ ■ D?fs 2 ] 

.... „■_ A. . n, „4-i, , , 



-\u l i^)D^...D^Dt:f +lk+1 ---Dt~ --s l] 
= -[ Ul (^)(D^ ■ --D^D^ 2 ■ ■■D^{D^ ■ ..D£ 8l )] 
-\u{^)D^ ■ --D^D^ 2 ■ ■■DffiDll ■ ■■D\ls 2 ))] 4 A. 
By Lemma 13.181 we have 



D j h i _ _ _ D h k i D h k+1 2 _ _ _ D h n2 , D i k+l _ _ _ D i x 

-[u(ntW)Dfr l ■ ■■D^D i ;:f ■ ■ -D?f {Dll ■ ..D\ls 2 ) 



= mod(S,wD; 1 ---D J : kl D fe+1 ■■■D 



As a result, A is also trivial modulo (S,Wi). Similarly, we are done in the second possi- 
bility. Hence we have (wi,l) decrease. 

Finally, suppose that v 1 ^ 1 and v 2 — 1. We have 

for some s\, s 2 G S, Si is D-free, and again, the first two summands of (IHUj) becomes 

ai[ui(r^ (1) )si(r^ /(1) )ui] + a 2 [u 2 (m {2) )D^ 2 
= (a 1 + a 2 )[ui(m m }s 1 (m' {l) }v 1 ] (33) 

+a 2 ([u 2 ^)D T \s 2 ] - [u 1 (nt^}s 1 (^)v 1 ]) 

Again, we have three cases to consider. 

Case 1. s\ and are mutually disjoint. In this case, write u 2 = ui{m^)si(m'^)a 
and V\ = a{m ( ^ , )'s 2 D^ 2 , and the last item of (1331) becomes 

[« 2 (m^)^s 2 ] - [« 1 (mW)s 1 (m /(1) )u 1 ] 
= [ Ml (m (1) )sT(m ,(1) )a(m (2) ) J D^s 2 ] - [ Ml (m (1) )s 1 (m' (1) )a(^ (2) )W jt ] = A + B 
where 

A = [ Ul (m w )sT(m' {1) )a(m {2) )D r2 s 2 ] - [ Ml (m (1) )s 1 (m ,(1) )a(^ (2) )^5 2 ], 

5= [ Ml (m (1) )si(m ,(1) )a(^ (2) )^ jt s 2 ] - [ Ml (m (1) )s 1 (m /(1) )a(^ (2) )s 2 "^]- 

By Propositions 13.151 and 13.171 both A and B are linear combination of normal S'-words 
less than wi, hence we have (wi,l) decrease. 

Case 2. si is subword of 's 2 D^ 2 . Let w = 's 2 = a{m)~si{m')b, where m = 
m' = m'^ 1 ', b 7^ 1, ?ii = n 2 (m^ 2 ^)a, and t>i = fr-D- 72 . A rewriting of the last item of ( 1331) 
yields 

[u 2 (r^ 2 ))lA 2 ] - [^(m^^s^m'W)^] 
= [u 2 (m (2) )(.D^s 2 - [a(m) Sl (m')bD^])] (34) 
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Since (si, s 2 )u, = s 2 — a(m)s 1 (m')b is a composition of elements of S, it is trivial mod(S, w). 
By Lemma 13.181 the right hand side of ( l34"|) is a linear combination of normal S-words 
whose leading monomials are less than wi, and (w±, I) is again decrease. 

Case 3. and S2 have a nonempty intersection and Si is not a subword of S2-D- 72 . Then 
«2 = Ui(mW}6, s^m'^)-^ = 6(m( 2 ))s2_D J2 and t>i = aD J2 , where a,b E T, a ^ 1, and so 

sT(m /( - lj )a = b(m^)~S2 = w, \si\ + | S2 1 > 

The composition (si,S2) w = [si(m'^)a] — [b{m^ 2 ')s2] is trivial mod(S,w). By Lemma 
13.181 ^(m'^^aZ) 32 ] — [b(m^) D^ 2 s 2 ] is also trivial mod(S,wD : ' 2 ), i.e., it is a linear com- 
bination of normal S"-words which are less than if-D- 72 . Therefore, we rewrite the last item 
of (J33J) and obtain 

[u 2 (m^)D^s 2 ] - [uxim^s^m'^vx] 
= [M 1 (m (1) )6(m (2) ) J D^s 2 ] - [M^m^^s^m'^V^] 
= -[u 1 (?^W)([s 1 (7^ / W)o£)»] - [6(m^)^s 2 ])]. 

The last expression is a linear combination of normal 5- words that less than w±. Again, 
we have (wi,l) decrease, and the proof is complete. □ 

Definition 3.20 Let S be a Grobner-Shirshov basis in C(B, N ,D\, ■ ■ ■ ,D n ). A normal 
word [u] is said to be S -irreducible if u is not the form a(m)~s(m')b, s E S, s D-free, 
a,b E T , nor of the form a(m)sD 1 , s E S, a E T. 

Theorem 3.21 (Composition-Diamond lemma) Let S be a Grobner-Shirshov basis in 
C(B, N, Di, ■ ■ ■ , D n ) with fixed N . Then the normal S -irreducible words form a linear 
basis of the n-conformal algebra C(B, N , Di, • • ■ , D n \S) with defining relations S . 
If S is D-free, then the converse is true as well. 

Proof. Let us define the algorithm of elimination of leading words (ELW) of S in normal 
words. Let [u] be a normal word, and let 

u = a(m)s(m')b, s is D — free or u = a(m)sD 1 
where s E S , a,b E T with a being D-free. The transformations 

[u] 1 — * [u] — [a(m)s(m')b] and [u] \— > [u] — [a(m)D 1 s] 
will be called the results of ELW of s in [u]. From Lemma [3. 6 \ we have 

[a(m}s{m'}b} = u and [a(m)D 1 s] = u. 

Hence, any normal word is a linear combination of S'-irreducible normal words modulo 
S. It follows from Theorem 13. 191 that S'-irreducible normal words are linear independent. 
This completes the proof of the first part of the Composition-Diamond lemma. 
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To prove the second part, we assume that S is D-free, and that the S- irreducible 
normal words form a linear basis of C(B, N, D\, ■ ■ ■ , D n \S). Suppose that h is nontrivial 
composition of elements of S. So, h = (f,g) w or h = a{m)f for some f,g G S. We can 
apply to h the process of ELW's of S, and in finite number of steps, we will have the 
following presentation of h in C(B, N, D 1 , • • • , D n ): 



where h\ is a linear combination of 5-irreducible normal D-free words, [ui(m^) Si(m'^)vi], 
1 ^ i ^ k, are D-free normal 5-words. Moreover, we have 

Ui{m^)si(m'^)vi < h for all i. 

Since h is nontrivial mod S, hi ^ in fl35|) . On the other hand, hi G Id(D u (S)), and by 
Theorem 13.191 hi must contain a subword s for some (D-free) s 6 S, which contradicts 
the fact that hi is S'-irreducible. This completes the proof of the Composition-Diamond 
lemma. □ 

Remark. The condition of triviality of compositions modulo S is much weaker and much 
easier to apply than checking that (f,g) w (a(m)f, g(m)a) goes to zero using the ELW's 
of S. Yet, the result for D-free set S will be the same: If any composition of elements of 
S is trivial in the sense of the previous definition, then it is trivial in the sense of ELW's 
of S. However if the relations are not D-free, the result is not the same. 

Remark. Let S C C(B, N, D\, ■ ■ ■ ,D n ) be a Grobner-Shirshov basis. We call S an 
irreducible Grobner-Shirshov basis if for any s G S, s is a linear combination of (5"\{s})- 
irreducible normal words. This is the same as to say that for any normal word [w] of 



It follows from the Composition-Diamond lemma that 

Theorem 3.22 Any n-conformal ideal ofC(B, N , Di, ■ ■ ■ , D n ) generated by a D-free set 
has a unique irreducible Grobner-Shirshov basis. 

Also the algorithm for applying defining relations, i.e., the ELW's algorithm, gives rise 
the following 

Theorem 3.23 The word problem for any n-conformal algebra with finite or recursive 
Grobner-Shirshov basis is algorithmically solvable. 

4 Application 

4.1 Universal enveloping n-conformal algebras 

Let L be a Lie n-conformal algebra. By this we mean that L is a linear space over k 
equipped with multiplications G Z 1 ?, and linear maps D iy 1 ^ i ^ n such that 

(L, \_m\ , m G Z?, Di, • • ■ , D n ) is a n-conformal algebra with two additional axioms: 



k 




(35) 



i=i 
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• (Anti-commutativity) a[m\b = {b\m\a}, where 

{6[mja}= (-l f l+ ^D [ ^\b[m + ^\a), = D r /~?\, ~s\ = Sl \ ■ ■ ■ s n \. 

• (Jacobi identity) 

(a\_m — s \(b[m' + s\c)—b[m+ s \(a\_m' — s \c)). 



Any associative n-conformal algebra A = (A, (m), m E Z™, D±, • • • , D n ) can be made 
into a Lie n-conformal algebra A^ = (A, lm\,m E Z™,Di,--- , D n ) by defining new 
multiplications using n-conformal commutators: 

a[m\b = a(m)b — {b(m)a}, m E Z™, a,b E A. 

The locality function for A^ is essentially the same as for A. Namely, it is given by 

N A( -) (a, b) = max{N A (a, b), N A (b, a)}. 

Let L be a Lie n-conformal algebra which is a free k[D\, ■ ■ ■ , D n ]-module with a ba- 
sis B = {cii\i E 1} and a bounded locality N(a i) aj) -< N for all i,j E I. Let the 
multiplication table of L in the basis B be 

OiLmJdj = Sa{ja fe , a\j E k[D u ■ ■ ■ ,D n ],i > j, i,jEl, m -< N. 

Then by Uj$(L), a universal enveloping n-conformal algebra of L with respective to B 
and N, one means the following associative n-conformal algebra: 

Ujj(L) = C(B , N\ ai(m)aj — {aj(m)ai} — ai[m\aj = 0, i ^ j, i,jEl, m -< N). 



Theorem 4.1 (1/2-PBW Theorem for Lie n-conformal algebras) Let 

L = ({ai\i E I},N\ ailm\aj = Sa^a fc , % ^ j, i,j E I, m -< N) 

be a Lie n-conformal algebra with the basis {ai\i E 1} over k[D\, • • • , D n ] and locality N . 
Let 

Ujf(L) = C({a,i\i E I}, N\ s™j = ai(m)aj — {aj(m)ai} — ai[m\aj = 0, 
% ^ j, i,j E I, m -< N) 

be a universal enveloping n-conformal algebra of L. Let S = {s™ \i, j El, ^ m -< N}. 
Then any polynomial 

s™{m')a k - a i (m)sj' 
where i > j > k,m -< N ,m' -< N , is trivial mod(S, w) for w = ai(m)aj(m'}a k . 
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4.2 An example about the Grobner-Shirshov basis of an asso- 
ciative n-conformal algebra 

In what follows, a word ai(m^)a2(m^) ■ ■ ■ ak(rn^)D 1 a^+i will stand for the right 
normed word [ai(m^)a2(m^) ■ ■ • a^{m^ k ')D * a^+i], i.e., we will omit the right normed 
brackets. 

Consider the associative n-conformal algebra 

G = C(a, (2, 2), D u D 2 \a(0, 0)a = a). 

Let / = a(0, 0)a — a. By the Grobner-Shirshov basis of G, we understand the Grobner- 
Shirshov basis of / = Id(D w (f) C C(a, (2, 2), D x , D 2 )). 

Theorem 4.2 The Grobner-Shirshov basis of G is as follows: 

f = a(0,0)a — a, s — a(l, l)a(l, l)a, 

g = a(l, 0)a(l, 0)a, p = a(l, l)a(l, 0}a, 
/i = a(0, l)a(0, l)a, g = a(l, l)a(0, l)a. 

The following lemma will be used in proving the above theorem. 

Lemma 4.3 Let C(B, N, D\, ■ ■ ■ , D n ) be a free associative n-conformal algebra with lo- 
cality N(b, c) = N for all b,c 6 B. Let u be a D-free word and a G B. 

(i) If N 7^ to, then (u)(m)a = 0. (Here (u) is any bracketing ofu.) 

(ii) [u](N - ~l)a = [u{N - T)a]. 

Proof, (i) We will carry out the proof by induction on the length of u. If \u\ = 1, then 
u G B, and the result is true. Assume \u\ > 1. Hence (u) = (v)(k )(w) for some words v 
and w with \u\ > v and \u\ > w. Thus, by induction, 

(u)(m)a= (v)(k)(w)(m)a= ^ (-1)" ( ) (v)(k - ~8)({w)(rn + ~s)a) = 0. 



(ii) Again, we prove by induction on the length of u. The result holds trivially for 
\u\ = 1. Assume that \u\ > 1. Then [u] = ai(m)[v] where a\ G B, m G Z", \v\ < \u\ 

and v is D-free. By (i), ai(m — s)[v](m — 1 + l?)a = for all s G ^+\0, and so by 
induction we have 

[u](N - ~l)a = (a!(m)H)(iV - T)a 

= a 1 (m)H(iV-T > )a+ ^ (-iy (^ja^m - ^)([v](N - ~L + ^)a 

~tezi\o ^ ^ 

= ai(m)[v(N - T)a] = ai(m)v(N - ~l)a = [u(N - T)a]. 
This completes the proof. □ 

Proof of the Theorem 14.21 We shall check all possible compositions and prove that 
all of them are trivial. Explicitly, the proof will be carried out in the following order: 
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Show that g,h E I. Consequently, a{2, 0)f = mod(g) and a(0, 2)/ = mod(/i). 
Show that p,qEl. Consequently, a{2, l)f = mod(p) and a(l, 2)/ = mod(g). 
Show that s E I. Consequently, a(2,2)/ = mod(s). 
Show that a(m 1; m 2 ) / = for m x ^ 3 or m 2 ^ 3. 

Show that a(mi, 777,2)5 = mod(g, s), a(mi,m 2 )/j = mod(p, s), a(mi,m 2 )p = 
mod(s), a(m 1 ,m 2 )q = mod(s), a(mi,m 2 )s = for (m 1? m 2 ) 7^ (2, 2). 

Show that (/, /% = 0, /) w = mod(/, w), (/i, /) w = mod(/, /i; w), (p, /% = 
mod(/,p;w), (g, /)«, = mod(/,g;w), (s, f) w = mod(/, s;w). 

Show that (/,£)„, = mod(g;w), {g,g) w = 0, (h,g) w = mod(g;w), = 0, 

(q,9)w = 0, (s,g) w = 0. 

Show that (f,h) w = mod(/i;u>), (g,h) w = mod(g;-u7), (h,h) w = 0, (p,h) w = 
mod(g; u>), (g, /i)^ = mod(g; iu), (s, /i)^ = mod(g; w). 

Show that (f,p) w = mod(p;u>), = 0, (h,p) w = mod(s;w), (p,p) w = 0, 

= 0, (s,p) w = 0. 

Show that (f,q) w = mod(q;w), {g,q) w = mod(s;w), (h,q) w = 0, (p, = 
mod(s; w), (q, q) w = mod(s; iy), (s, g)„, = mod(s; w). 

Show that (/, s) w = mod(s; w), (g, s) w = 0, (h, s) w = 0, (p, s) w = 0, (q, s) w = 0, 
(s,s) w = 0. 

Now we check 1)-11) step by step. 

1) g, h E I. To see this, we consider 

a(2,0)/ = a(2,0)a(0,0)a- a(2,0)a 

= (a(2, 0)a)(0, 0)a + 2a(l, 0)a(l, 0)a - a(0, 0)a(2, 0)a 
= 2a(l,0)a(l,0)a. 

Hence a(2, 0)/ = 2g, and so g £ ^- Moreover, this shows that a(2, 0)/ = mod(g'). 
Analogously, one can show that h E I, a(0, 2)/ = mod(/i). 

2) p E I. To see this, we consider 

a(2,l)/ = a(2, l)a(0, 0)a - a(2, 1) a 

= (a(2, l)a)(0, 0)a + 2a(l, l)a(l, 0)a - a(0, l)a(2, 0)a 
+ a(2, 0)a(0, l)a - 2a(l, 0)a(l, l)a + a(0, 0)a(2, l)a 
= 2a(l, l)a(l, 0)a + a(2, 0)a(0, l)a - 2a(l, 0)a(l, l)a. 

Now, it is easy to check that a(2, 0)a(0, l)a = 2a(l, 0)a(l, l)a. Hence a(2, 1)/ = 2a(l, l)a(l, 0)a = 
2p, and so p E I. Moreover, this shows that a{2, l)f is trivial modulo p. 

Analogously, one can show that q E I, a(l, 2)f = mod(g). 
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3) s G /. To see this, we consider 

a(2,2)/ = a(2,2)a(0,0)a- a(2,2)a 

= (a(2, 2)a)(0, 0)a + 2a(l, 2)a(l, 0)a - a(0, 2)a(2, 0)a 

+2a(2, l)a(0, l)a - 4a(l, l)a(l, l)a + 2a(0, l)a(2, l)a - a(0, 0)a(2, 2)a 
= 2a(l, 2)a(l, 0)a + 2a(2, l)a(0, l)a - 4a(l, l)a(l, l)a. 

Now, it is easy to check that 

a(l, 2)a(l, 0)a = 2a(l, l)a(l, l)a, a(2, l)a(0, l)a2a(l, l)a(l, l)a. 

Hence a(2,2)f = 4a(l, l)a(l, l)a = 4s, and so s G /. Moreover, this shows that a(2,2)f 
is trivial modulo s. 

4) a(mi,m 2 ) f = for mi ^ 3 or m 2 ^ 3. The proof will follow from the following 
lemma. 

Lemma 4.4 a(mi,m 2 )a(rii, n 2 )a = for all nil + rii ^ 3 or m 2 + n 2 ^ 3. 

Proof. Assume that m] + rii ^ 3. For (mi,m 2 ) -< (2,2), the result is clear for rii ^ 2. 

For (mi, m 2 ) 7^ 2, we expand a(mi,m 2 )a(rii,n 2 )a and note that it is a linear combination 
of • ■■ - 

Vi = a(k a , k i2 )a(lii, l i2 )a 

where kn + In = m x + rii ^ 3, k i2 + h 2 = m 2 + n 2 , kn, k i2 -< (2, 2), i G /. So t>j = by the 
above proof. This shows that a (mi, m 2 )a(ni, n 2 )a = 0. Analogously, one can show the 
case of 777.2 + n 2 ^ 3 and the proof is done. □ 

The proof of the next lemma is similar to that of Lemma 14.41 
Lemma 4.5 a(mi,m 2 )a(ni, n 2 )a(ti, t 2 )a = for all mi +774 + ti ^ 4 or m 2 + n 2 + t 2 ^ 4. 

5) a(mi, m 2 )g = mod(p, s) for (mi, 1712) 7^ (2, 2). First of all, we show that a(0, 2)g = 
mod(p, s). Expanding a(0, 2)g, we get 

a(0,2)g = a(0,2)a(l,0)a(l,0)a 

= (a(0, 2)a)(l, 0)a(l, 0)a + 2a(0, l)a(l, l)a(l, 0)a - a(0, 0)a(l, 2)a(l, 0)a 

= 2a(0, l)a(l, l)a(l, 0)a - 2a(0, 0)a(l, l)a(l, l)a 

= mod(p,s). 

Similarly, we can prove that 

o(l, 2)g = mod(p, s), a(0, 3)g = mod(s), a(l, 3)g = mod(s). 

Now, a(mi,m 2 )g = for m x ^ 2 or m 2 ^ 4 by Lemma 14.51 Hence a(mi,m 2 )g = 
mod(p, s) for (mi,m 2 ) 7^ (2,2). 

Analogously, one can show that if (mi, m 2 ) -A (2, 2) then 

a(mi, m 2 )h = mod(q, s), a(mi,m 2 )p = mod(s), 
a(mi,m 2 )q = mod(s), a(m 1 ,m 2 )s = 0. 
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6) (f,f) w = 0. Take 

w = a(0,0)a(0,0)a. 

Expanding (/, f) w , we get 

(/, f)w = f(0, 0)a - a(0, 0)f = (a(0, 0)a)(0, 0)a - a(0, 0)a - H + a(0, 0)a = 0. 
Next, we show that (g, f) w = 0. Take 

iu = a(l,0)a(l,0)a(0,0)a. 

Expanding (g,f) w ,we get 

(<?, /)«, = 5(0, 0)a - a(l, 0)a(l, 0)/ = (a(l, 0)a(l, 0)a)(0, 0)a - M + <?. 

Expanding the first monomial on the right hand side, we have 

(a(l,0)a(l,0)a)(0,0)a 
= a(l, 0)(a(l, 0)a)(0, 0>a - a(0, 0)(a(l, 0)a)(l, 0)a 

= [w] - a(l, 0)a(0, 0)a(l, 0) - a(0, 0)a(l, 0)a(l, 0)a + a(0, 0)a(0, 0)a(2, 0)a. 
Now a(0, 0)a(0, 0)a(2, 0)a = 0. Therefore, 

(<?, f) w = -a{l, 0)a(0, 0)a(l, 0) - a(0, 0)a(l, 0)a(l, 0)a + 3 = mod (/, <?; w). 
Analogously, one can show that 

(h,f) w = mod (f,h;w), (p, f) w = mod(f,p;w), 
(q, f)w = mod (/, q; w), (s, /)„, = mod (/, s; iu). 

7) (f,g) w = 0. Take 

w = a(0,0)a(l,0)a(l,0)a. 

Expanding (/,#)„,, we get 

(/, ^ = /(l, 0)a(l, 0)a - a(0, 0)<? = (a(0, 0)a)(l, 0)a(l, 0)a - <? - H = -<? = mod (g). 
Next, we show that (g,g) w = 0. There are two compositions 

wi = a(l,0)a(l,0)a(l,0)a(l,0)a, w 2 = a(l, 0)a(l, 0)a(l, 0)a. 
We consider u>i at first. Expanding (g,g) Wl , we get 

(0, = <?(1, 0)a(l, 0)a - a(l, 0)a(l, 0)«? = (a(l, 0)a(l, 0)a)(l, 0)a(l, 0)a - M. 
Expanding the first monomial on the right hand side, we have 

(a(l,0)a(l,0)a)(l,0)a(l,0)a 
= a(l, 0)(a(l, 0)a)(l, 0)a(l, 0)a - a(0, 0)(a(l, 0)a)(2, 0)a(l, 0)a 
= [w] - a(l,0)a(0,0)a(2,0)a(l,0)a 

-a(0, 0)a(l, 0)a(2, 0)a(l, 0)a + a(0, 0)a(0, 0)a(3, 0)a(l, 0)a 

= M 
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by Lemma 1431 Therefore, (g,g) Wl = 0. Similarly, (g,g) W2 = 0. 
Analogously, one can show that 

(h,g) w = mod (q;w), (p,g) w = 0, (q,g) w = 0, (s,g) w = 0. 

8) (/, h) w = 0. Take 

w = a(0,0)a(0,l)a(0, l)a. 

Expanding (f,h) w , we get 

(/,(/)„, = /(0, l)a(0, l)a-a(0,0)/i = (a(0, 0)a)(0, l)a(0, l)a - & - H = -/i = mod (h). 
Next, we show that (g, h) w = 0. Take 

w = a(l, 0)a(l, 0)a(0, l)a(0, l)a. 

Expanding (g,h) w , we get 

(<7, = g(0, l)o(0, l)a - a(l, 0)a(l, 0)/i = (a(l, 0)a(l, 0)a)(0, l)a(0, l)a - [w]. 
Expanding the first monomial on the right hand side, we have 

(a(l,0)a(l,0)o)(0,l)a(0,l)a 
= a(l, 0)(a(l, 0)a)(0, l)a(0, l)a - a(0, 0)(a(l, 0)a)(l, l)a(0, l)a 
= [w] -a(l,0)a(0,0)a(l,l)a(0,l)a 

-a(0, 0)a(l, 0)a(l, l)a(0, l)a + a(0, 0)a(0, 0)a(2, l)a(0, l)a 
= [w] - a(l, 0)a(0, 0)a(l, l)a(0, l)a - a(0, 0)a(l, 0)a(l, l)a(0, l)a 

by Lemma 1431 Therefore, (g, h) w = mod(g; w). 
Analogously, one can show that 

(h,h) w = 0, (p,h) w = mod (q;w), 

(g, h) w = mod (q; w), (s, h) w = mod (g; w). 

9) (/,p) w = 0. Take 

u; = a(0,0)a(l,l)a(l,0)a. 

Expanding (f,p) w , we get 

{f,p) w = /(l,l)a(l,0)a- a(0,0)p= (a(0, 0)a)(l, l)a(l, 0)a - p - H = -p = mod (p). 
Next, we show that {g,p) w = 0. Take 

w = a(l,0)a(l,0)a(l,l)a(l,0)a. 

Expanding (g,p) w , we get 

(^p)^j = #(l,l)a(l,0)a-a(l,0)a(l,0)p= (a(l, 0)a(l, 0)a)(l, l)a(l, 0)a - [«;]. 
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Expanding the first monomial on the right hand side, we have 

(a(l,0)a(l,0)a)(l,l)a(l,0)a 
= a(l,0)(a(l,0)a)(l,l)a(l,0)a- a(0,0)(a(l,0)a)(2, l)a(l,0)a 
= H -a(l,0)a(0,0)a(2,l)a(l,0)a 

-a(0, 0)a(l, 0)a(2, l)a(l, 0)a + a(0, 0)a(0, 0)a(3, l)a(l, 0) 

= H 

by Lemma 031 Therefore, (g,p) w = 0. 
Analogously, one can show that 

(h,p) w = mod (s;w), (p,p) w = 0, (q,p) w = 0, (s,p) w = 0. 

10) (f,q) w = 0. Take 

w = a(0,0)a(l,l)a(0, l)a. 

Expanding (f,q) w ,we get 

(/, = /(I, l)a(0, l)a - a(0, 0)g = (a(0, 0)a)(l, l)a(0, l)a - g - [w] = -g = mod (q). 
Next, we show that {g,q) w = 0. Take 

w = a(l, 0)a(l, 0)a(l, l)a(0, l)a. 

Expanding (g,q) w ,we get 

(0, 9)™ = l)a(0, l)a - a(l, 0)a(l, 0)g = (a(l, 0)a(l, 0)a)(l, l)a(0, l)a - [«;]. 
Expanding the first monomial on the right hand side, we have 

(a(l,0)a(l,0)a)(l,l)a(0,l)a 
= a(l, 0)(a(l, 0)a)(l, l)a(0, l)a - a(0, 0)(a(l, 0)a)(2, l)a(0, l)a 
= [w] -a(l,0)a(0,0)a(2,l)a(0, l)a 

-a(0, 0)a(l, 0)a(2, l)a(0, l)a + a(0, 0)a(0, 0)a(3, l)a(0, 1) 
= H - 2a(l, 0)a(0, 0)a(l, l)a(l, l)a - 2a(0, 0)a(l, 0)a(l, l)a(l, l)a 

by Lemma H~4l Therefore, (g,q) w = mod (s;w). 
Analogously, one can show that 

(h, q) w = 0, (p, q) w = mod (s; 

(g, g) w = mod (s; w), (s, g)„, = mod (s; u>). 

11) (/, 5)^ = 0. Take 

w = a(0, 0)a(l, l)a(l, l)a. 

Expanding (/, s) w , we get 

(/, s ) w = f(l, l)a(l, l)a-a(0,0)s = (a(0, 0}a)(l, l)a(l, l)a - s - H = -s = mod (s). 
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Next, we show that (g, s) w = 0. Take 

w = a(l, 0)a(l, 0)a(l, l)a(l, l)a. 

Expanding (g, s) TO , we get 

(#,s) w = (/(l,l)o(l,l)o-a(l,0)o(l,0)a = (a(l, 0)a(l, 0)a)(l, l)a(l, l)a - [w] = 

by Lemma [4.31 

Analogously, one can show that 

(h,s) w = 0, (p,s) w = 0, (q,s) w = 0, (s,s) w = 0. 

This completes the proof of the theorem. □ 

Let S = {f,g,h,p,q,s}. Let [it] be an S- irreducible normal word. Then [u] has the 
following form: 

[u] = [a(l,0)a], [u] = [a(0,l>a], [it] = [a(l, l)a], 

[it] = [a(l, 0)a(l, l)a], [u] = [a(0, l)a(l, l)a], 

[it] = [(a(l, 0)a(0, l)) fc a], [it] = [(a(0, l)a(l, 0))'a], fc > 1, 1^1. 

By the Composition-Diamond lemma, these words consist of a linear basis of G. 
4.3 Loop Lie n-conformal algebra 

Let g be a Lie algebra with a linear basis {dj}j e j. Then loop Lie n-conformal algebra for 
g is given by 

L(g) = (K} ie/ , N = (1,1)| Oi[0,0jaj = [0*0,], i > j, i,j G /). 
A universal enveloping associative n-conformal loop algebra of L(q) is then given by 

U$(L(q)) = C{{ ai } ieI ,N = (1,1)| ^(0,0)^- - {^(0,0)^} = M, i > j, i,j £ I) 
which is an associative n-conformal loop algebra. 

Lemma 4.6 The set S = {aj(0, 0)oj — {di(0, 0)aj}— [a$Oj-]| i > j} C C({aj}j G /, (1, 1), Di, .D 2 ) 
a Grobner-Shirshov basis. 

Proof. Any element of S has the form 

eij(0, 0)aj — 0^(0, 0}aj — [oja^], z > j, i,j £ I 

and (0, 0) is an associative multiplication. As the same as for usual universal enveloping 
algebra of a Lie algebra, these elements have trivial compositions of intersection. The 
compositions of left multiplication are also trivial. As a result, S is a Grobner-Shirshov 
basis. □ 
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